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Abstract

Consistency-preserving graph-transformation rules, which do not worsen the consistency of a graph, are
important in many contexts, including model-driven optimisation and model repair. However, while it is
comparatively easy to produce rules that are only applicable when they will not introduce new constraint
violations—we call such rules blocking rules—solutions for producing rules that actively repair any violations
they might introduce—non-blocking rules—are currently only available for very specific cases. In this paper,
we build on recent work on generating consistency-preserving rules for optimal feature configuration and
show how this can be generalised to subgraph replacement systems for a broad class of constraints and initial
rules. We develop a formal generalisation of activation diagrams for subgraph replacement systems and show
how these can be used to read off variability-based rules as a compact encoding of all possible repair options.

Keywords: Graph transformation, Double-pushout rewriting, Consistency preservation

1. Introduction

In the graph-transformation literature, significant research has focused on how to ensure graph transforma-
tions keep a graph consistent with a given set of constraints (or make the graph consistent with the constraints
if they are not yet consistent)—for example, see [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. However,
producing consistency-preserving graph-transformation rules can be challenging. While it is well understood
how an existing graph transformation rule can be augmented with additional (negative) application conditions
to ensure it can only be applied if it will not invalidate a given constraint [6, 7, 8, 11, 16], such augmentation
invariably limits the applicability of the rule. We call such rules blocking rules, as they block the application
of the transformation if it would lead to inconsistency. Instead, we are interested in how a given rule can be
augmented (retaining all of its actions) to a consistency-preserving rule without restricting its applicability,
by adding actions that will repair any constraint violations introduced by the original rule. We call such
rules non-blocking rules.

In [10], Horcas et al. generate consistency-preserving configuration operators (CPCOs)—an example of
non-blocking rules—that are then used (in evolutionary search) to find optimal configurations (i.e., sets of
selected features) for (software) product lines, outperforming the previous state of the art. The central new
concept is the one of a feature-activation diagram, capturing, for every feature, which other features have to
be (de-)selected along with the (de-)selection of that feature to obtain a valid configuration. Horcas et al.
show that such a feature-activation diagram is a compact and efficiently computable encoding of all relevant
information about the interaction between the (de-)selection of the individual features and the validity of
configurations. Importantly, for any feature (de-)selection there are usually several ways to amend a feature
configuration to preserve consistency; a feature-activation diagram captures all of them compactly for all
possible feature (de-)selections. From the information in a feature-activation diagram, CPCOs can be derived
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Figure 1: Overview of our approach. The top half of the figure shows different objects being used or produced by our approach,
while the bottom half shows the sequence of steps, indicating which section discusses which step.

efficiently. To avoid having to explicitly enumerate all possible ways to repair configurations as individual
CPCO rules, Horcas et al. encode all CPCOs for one feature (de-)selection as a single variability-based rule
(VB rule1) [17]; different instantiations of the VB rule then correspond to the different possible ways to repair
configurations.

In this paper, we ask

RQ: How, and under what conditions, can the ideas from [10] be generalised to general graph-
transformation rules and general graph constraints?

Such a generalisation is, for example, helpful in model-driven optimisation [18], where graph-transformation
rules are used to capture the way in which candidate solutions can be changed to derive new solutions; they
are, thus, used to characterise the search space. Many approaches (e.g., [13, 19, 20]) use graph-transformation
rules directly to define neighbourhoods for evolutionary search, acting as mutation operators. In other
approaches [21], matches of the rules are used to generate decision variables for a (M)ILP problem that is
then solved by a standard (M)ILP solver. In either scenario, rules that are consistency-preserving [9]—that
is, transforming consistent graphs into consistent graphs—are preferable. For search-based solutions, they
improve the effectiveness of the search [10, 13, 18, 22], and for (M)ILP-based solvers, they can help reduce
the number of matches and decision variables to consider. Similarly, many model-repair approaches [23]
use graph-transformation rules to encode the changes to be made to a model to repair inconsistencies
(e.g., [1, 2, 24]). Obviously, these graph-transformation rules should be consistency-improving [9].

The key observation for our generalisation is that product line configuration (as discussed in [10]) is
essentially what we will call a selection problem: A feature model provides the set of available features and a
(valid) configuration consists of a subset of these features (that satisfies additional feasibility constraints).
Accordingly, we will denote as “selection problems” problems where the task is to select a (valid) group of a
given set of options.

In this paper, we formally characterise such selection problems and then generalise the approach by
Horcas et al. [10] to these. Figure 1 summarises our overall approach. A key idea for our generalisation
is that selection problems can be treated in subgraph transformation systems [25, 26]. The objects of such
a system are all subgraphs of a given finite container graph T (where the container graph T , in turn, is
typed over a type graph TG to be able to associate types/roles with its elements). When compared to the
setting of product line configuration, the set of all features corresponds to the container graph, configurations
correspond to subgraphs of the container graph and the selection or deselection of features corresponds to
incorporating or removing an element of the container graph T into or from a subgraph of T .

1A compact way to encode a family of related graph-transformation rules.
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The first central step of our approach is to derive an activation diagram, similar in spirit to the feature
activation diagrams used in [10], from constraints defined over a subgraph transformation system. For this
derivation, the constraints have to be given in a suitable normal form. In [27], we have worked out that
(i) every nested constraint over a subgraph transformation system can be equivalently transformed into
the necessary non-nested normal form and (ii) that every traditional nested constraint over graphs can be
equivalently translated into a constraint over a subgraph transformation system. (This translation makes
our approach more convenient to use because traditional constraints are much more compact than their
counterparts over subgraph transformation systems.) Regarding the activation diagrams we construct, we
assess their size (in particular, they are finite; Proposition 4) and characterize in which sense they actually
capture the interplay of graph modifications with the validity of constraints (Theorem 5); these contributions
on activation diagrams are the content of Section 4.

From the activation diagrams, we can read off new, consistency-preserving transformation rules, which we
compactly encode as variability-based rules, to avoid having to explicitly specify every possible alternative
repair action for any constraint violations that might be introduced by the original rule; we call the read-off
rules consistency-preserving variability-based extensions of the originally given rules. To further reduce
the number of consistency-preserving transformation rules we need to derive from the VB rules, we derive
those as so-called effect-oriented rules [28]—these allow for declaring potential actions, making it possible
to compactly specify a rule for a whole range of situations by, e.g., skipping the deletion of elements that
do not exist anyhow. We refer to these resulting rules as non-blocking consistency-preserving variants. Our
contributions regarding this construction of rules is a series of results characterising their properties; most
importantly, the rules are indeed consistency-preserving (Theorem 8), we can give reasonable guarantees
for their existence (Theorem 9) and we can provide easy-to-meet circumstances under which our derived
consistency-preserving rules can simulate transformation sequences by the original rules that result in valid
graphs (Theorem 10). Section 5 presents these constructions of and results about rules.

To illustrate our results and put them into context, we introduce examples (in particular, also our running
example) in Sect. 2, recall the necessary formal background in Sect. 3 and discuss related works in Sect. 6.
In Sect. 7, we conclude and offer an outlook on potential avenues for further research. In our appendix, we
show how our presented approach indeed generalizes the feature activation diagrams of Horcas et al. [10]
(Appendix A) and present all proofs, which we defer from the main part of the paper (Appendix B).

2. Examples

In this section, we first briefly discuss several examples of selection problems, before describing one—class
responsibility assignment—in more detail so that we can use it as a running example throughout the remainder
of the paper.

2.1. Example selection problems
In Sect. 1, we characterised selection problems as problems where the task is to select a (valid) group of a

given set of options. This characterisation covers a wide range of problems: in particular, any problem where
different solutions can be established via the presence or absence of edges between a fixed finite set of nodes,
or the presence or absence of nodes (and possibly edges between them) from a fixed and finite set of nodes,
is a selection problem. Basically, these are combinatorial problems where we do not allow the creation of new
elements. Examples of such problems include:

• The model-repair problem [23] aims to transform models that violate some consistency constraint into
new models that have fewer or no remaining constraint violations. Not every model-repair scenario is a
selection problem, but a significant subset of model-repair problems are. Specifically, repairs that are
limited to deleting existing model elements or creating/deleting edges between existing model elements
are selection problems: we can imagine rephrasing them into the corresponding situation where we
generate all possible edges between the existing model elements and ask which model elements and
edges should be selected for a repaired model.
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Figure 2: A meta-model (type graph) TG for defining instances of the CRA problem (based on [33])

• Optimal feature configuration considers a set of features of a software product line—including constraints
capturing interdependencies between these features—and aims to identify a subset of these features
that is both valid in terms of the constraints and optimal in terms of other properties (e.g., each feature
may make a contribution to overall weight or energy consumption and the goal is to minimise these).
This is a selection problem, because the goal is to choose a subset from a given, finite set of features.
We have previously presented an approach to optimal feature configuration [10], which we generalise in
this paper (cf. Appendix A).

• Quantum program synthesis [29], wherein the goal is to determine a sequential combination of quantum
operators applied to a finite set of quantum bits in order to implement a particular algorithm. Part
of this problem involves determining optimal numeric parameters for individual quantum operators;
this part of the problem is clearly not a selection problem. However, a simpler variant of the problem
focuses only on the combinatoric optimisation of sequences of standard quantum operators and this
clearly conforms to our notion of a selection problem.

• Resource allocation problems like nurse rostering [30], surgery scheduling [31], or TA allocation [32]
are also all clearly selection problems as they can be conceptualised as establishing ‘allocation’ edges
between fixed sets of resources and resource users.

The above overview provides some evidence that our notion of ‘selection problems’ is sufficiently broad to
allow many different real-world applications. For the purpose of this paper, we will focus on one running
example to help illustrate our definitions and results. We discuss this example next.

2.2. A running example: Class Responsibility Assignment
In the class–responsibility assignment (CRA) problem [33], a set of methods and attributes must be

allocated to a (to be determined) number of classes to optimise cohesion and coupling metrics of the resulting
software design. It is not immediately obvious that this is a selection problem, as it might involve the
generation of an unspecified number of new classes (which are nodes in a graph representing allocations of
methods / attributes to classes). However, once one realises that any meaningful solution contains at most
as many classes as there are features (methods and attributes), it becomes clear that the selection problem is
about determining the correct set of edges between features and classes.

Figure 2 shows the metamodel (type graph) for the CRA problem—a class diagram whose instances
describe specific sets of classes, attributes, and methods for which to determine an allocation. Some nodes
and edges are shown in blue and with dashed rather than solid lines. These are intended to be normal parts
of the metamodel, but have been highlighted to indicate that only the corresponding parts of any model
can be changed when deciding on an allocation of methods/attributes to classes. That is, we are allowed to
create and delete classes, and we are allowed to change the encapsulates relationship between classes and
methods/attributes. We consider the black elements (solid lines) as part of the problem description, while we
think of the blue elements (dashed lines) as part of the solution description.

Figure 3 then shows a model that instantiates the meta-model in Figure 2 and describes a concrete problem
with 3 methods and 3 attributes that need to be allocated to classes. Figure 4 shows a corresponding instance
of the metamodel that represents one possible solution to the CRA problem. Here, we have introduced two
classes and made specific assignments of methods and attributes to these classes.
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Figure 3: Example instance P of the CRA problem
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Figure 4: Example of a solution S to the CRA problem instance depicted in Fig. 3

3. Preliminaries

In this section, we introduce our preliminaries. As our general background, we recall typed graphs and
their transformations via rules applied according to the double-pushout approach [34] and nested constraints
and conditions [11]. We present subgraph transformation systems (as a special case of subobject transformation
systems [25]) as the kind of transformation system for which we are able to construct our non-blocking
consistency-preserving rules. Furthermore, we recall variability-based rules [17] as a mechanism to compactly
represent a set of rules. Finally, we discuss and extend effect-oriented transformations [28], a recent extension
of the double-pushout semantics, as the semantics we use to apply our constructed consistency-preserving
rules.

3.1. Graph transformation foundations
Graphs are sets of nodes with edges between them. Typing offers a way to equip the individual elements

of a graph with meaning; a type graph provides the available types for elements, and morphisms assign the
elements of typed graphs to those types.

Definition 1 (Graph. Typed graph). A graph G = (VG, EG, srcG, tarG) consists of a set of nodes VG, a set
of edges EG, and source and target functions srcG, tarG : EG → VG. A graph morphism f : G→ H between
two graphs is a pair of functions fV : VG → VH and fE : EG → EH that is compatible with the source and
target functions, such that

srcH ◦ fE = fV ◦ srcG and tarH ◦ fE = fV ◦ tarG.

A type graph TG = (VTG, ETG, srcTG, tarTG) is a fixed graph. A graph typed over a fixed type graph
TG consists of a graph G and a graph morphism typeG : G → TG. A typed graph morphism f : G → H
between graphs G and H typed over TG is a graph morphism that is compatible with typing, i.e., such that
typeH ◦ f = typeG.

A typed graph morphism is injective/surjectiv/bijective/an inclusion if both of its components are. We
denote injective morphisms via hooked arrows f : G ↪→ H and regularly denote inclusions as ιGH : G ⊆ H,
where the indices denote the involved graphs. ♢

Remark 1. To ease language and notation, we adopt the following conventions and assumptions.
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• In this paper, we work with typed graphs and always assume a fixed type graph TG over which all
graphs are typed. Except for the type graph, we will just speak of graphs, and we do not introduce a
special notation for typed graphs. Thus, speaking of a graph G, we tacitly assume a type graph TG
and a type morphism typeG : G→ TG to exist. Similarly, we also regularly just speak of morphisms
(and not of typed ones).

• Via ∅ we denote the initial or empty graph, also when it is considered to be typed over the given type
graph TG (via the empty function).

• We furthermore assume that all our graphs are finite. By Graphfin
TG we denote the category of all

finite graphs typed over the graph TG. ♢

Example 1. The graph TG from Fig. 2 can serve as a type graph, modelling the domain of the CRA
problem. The nodes provide the types Class, Attribute and Method. Methods can have dependencies on
Methods (functionalDep) and on Attributes (dataDep). Classes can encapsulate Methods and Attributes.

The further graphs from Sect. 2.2, namely graph P (Fig. 3) and graph S (Fig. 4), are typed over that
type graph TG (and the typing morphisms are indicated by the annotations of nodes and edges). Recall
that the blue, dashed elements are ordinary graph elements and that the visual difference just highlights that
these elements belong to the solution and not the definition of a problem instance of the CRA problem. ♢

3.2. Subgraph transformation
Subobject transformation systems have been developed as a tool to study different notions of causality

between rule applications in (double-pushout) rewriting systems [25, 26]. Intuitively, one studies transforma-
tions of subobjects of a given object from an (M-)adhesive category. In the following, we instantiate the
definitions for the case where the object whose subobjects are considered is a (typed) graph. For simplicity
of presentation, we work with subgraphs instead of injective morphisms.

Definition 2 (Subgraph). Given a typed graph G, a subgraph of it is a typed graph H, such that VH ⊆ VG,
EH ⊆ EG and srcH , tarH , and typeH are the restrictions of the according functions of G (in particular, with
every edge e ∈ EH its source and target nodes in VG belong to VH). Via H ⊆ G we denote the subgraph
relationship between graphs.

Given a typed graph T , the category of subgraphs of T , Sub(T ), has subgraphs G ⊆ T as objects
and inclusions ιGH : G ⊆ H between such subgraphs as morphisms. We call T the container graph of that
category. ♢

Remark 2. What we call the container graph would be called type graph in the terminology of [25]. We
deviate from that terminology to distinguish the container graph T from the type graph TG over which T
and all graphs from Sub(T ) are typed. ♢

Example 2. Given the type graph TG from Fig. 2 (see Sect. 2.2 and Example 1), also the graph T depicted
in Fig. 5 is typed over it.

Considering the CRA problem instance defined by the graph P shown in Fig. 3, Sub(T ) defines a category
that contains all interesting solutions to that problem instance (disregarding solutions with more than six
Classes of which several will be necessarily empty). The graph S depicted in Fig. 4 is one of the elements of
Sub(T ). Note that Sub(T ) is actually too large to be considered the search space for finding solutions for
the problem instance defined by the graph P from Fig. 3: we are only interested in graphs also containing
that instance P ; otherwise the problem definition would be changed (containing a different set of Methods
and Attributes and/or other dependencies). Later on, we will address that problem by only considering graphs
G ∈ Sub(T ) for which P ⊆ G, where P ⊆ T is considered to define a problem instance. ♢

In contrast to standard double pushout rewriting [34], where a rewrite might create “new” elements, a
rule (or production) in a subobject transformation system itself consists of subobjects of the given container.
This has the effect that subobject rewriting can rather be understood as displaying and hiding elements from
the container object.

Transformations in subobject transformation systems are based on lattice-theoretical concepts.
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Figure 5: A container graph T defining a category Sub(T ) that includes all interesting solutions to the CRA problem instance
defined in Fig. 3. Recall that the blue, dashed elements are ordinary elements of the graph and that the visual difference just
highlights that these elements belong to the solution rather than the definition of a problem instance of the CRA problem. In
this graph, we additionally omit the encapsulates annotation and draw these edges paler to not further clutter the figure.

Remark 3. In any category of subobjects, if there exists a morphism between subobjects A and B, this
morphism is unique (by left-cancelability of monomorphisms).

Moreover, given an adhesive category C (such as the category of finite graphs typed over a given type graph
TG), for every object T of C, Sub(T ) constitutes a distributive lattice [35, Theorem 5.1 and Corollary 5.2].
Given two subobjects A,B ⊆ T , their meet A ∩ B in Sub(T ) arises from pulling back A → T ← B in C
and their join A ∪B in Sub(T ) from pushing out A← A ∩B → B in C. (Categorically speaking, the meet
A ∩B ⊆ T is the product of A ⊆ T and B ⊆ T in Sub(T ), and the join A ∪B ⊆ T their coproduct [25].) In
our setting, where we work with subgraphs instead of equivalence classes of injections, this means that the
meet A ∩B is the intersection of A and B as graphs while the join A ∪B is their union. ♢

Definition 3 (Rule. Direct derivation). Given a container graph T (typed over a type graph TG), a rule (or
production) p is a span in Sub(T ), i.e., consists of subgraphs L ⊇ K ⊆ R of T ; the subgraphs are called the
left-hand side (LHS), the interface, and the right-hand side of the rule, respectively. A rule p = L ⊇ K ⊆ R
is called pure if L ∩R = K.

Given a graph G of Sub(T ) and a rule p = L ⊇ K ⊆ R, there exists a (direct) derivation from G to H
via p, denoted as G =⇒p H, if there exists a graph D in Sub(T ) such that

(a) L ∪D = G; (c) D ∪R = H;
(b) L ∩D = K; (d) D ∩R = K.

In case D exists, it is called the context of the direct derivation G =⇒p H. ♢

Intuitively, in a derivation from G to H via a rule p = L ⊇ K ⊆ R, first those elements from T that are
present in L but not in K are removed from G, resulting in D. If p would require to remove elements from
G that G does not contain (i.e., if L \K contains elements that G does not contain)2, no derivation exists
as property (a) from the definition cannot be fulfilled. Then, those elements from T that are present in
R but not in K are added to D, resulting in H. If p would require to add elements to D that are already
present (i.e., if R \K contains elements that also D—and, consequently, G—contains), no derivation exists
as property (d) would be violated. From this description, it also becomes clear that non-pure rules are rules
that delete an element that they immediately re-create. We therefore mostly focus on pure rules.

Fact 1. Let a container graph T be given. Then the following important properties for derivations hold.

2Here, and in the following, “\” denotes the componentwise set-theoretic differences on the sets of nodes and edges.
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Figure 6: Two example rules in integrated visual syntax

• By [25, Proposition 6] and [34, Fact 3.11] it holds that a rule p = L ⊇ K ⊆ R is applicable to a
subgraph G of T if and only if:

– L ⊆ G,
– G ∩R ⊆ L, and
– for every node n in L \K all edges that are adjacent to n in G are also part of L \K.

• By condition (c), i.e., by requiring D ∪R = H, the graph H resulting from a direct derivation is itself
an object in Sub(T ). ♢

Example 3. Figure 6 shows two (pure) rules in an integrated, visual syntax that is often used for displaying
graph transformation rules (e.g., in tools like Groove [36] or Henshin [37]). The three graphs L,K and R are
displayed as a single graph, with colour coding (and annotations) indicating the different roles of elements.
The graph K consists of the black elements (without further annotation), the graph L consists of K and
the red elements (additionally annotated with −−), and the graph R consists of K and the green elements
(additionally annotated with ++). Thus, the red elements, i.e., elements from L \K, are to be deleted upon
application of a rule, and green elements, i.e., elements from R \K, are to be created.

A crucial difference to ordinary graph transformation is that we do not need to find a match but that such
a match (if it exists) is uniquely determined by identity of elements. Thus, the first rule AddM1ToNewC2
does not specify to create some Class and assign some Method to it but concretely specifies to add the Class
C2 from graph T (see Fig. 5) to some graph G ⊆ T . It is applicable to every graph G ⊆ T that contains
Method M1 but does not yet contain Class C2. Thus, it is applicable to graph P from Fig. 3 but not to
graphs S and T from Figs. 4 and 5 (R ∩ S ⊈ K resp. R ∩ T ⊈ K, where R and K denote the RHS and
interface of the rule). Similarly, the second rule, MoveM1FromDeletedC3ToNewC2, specifies to remove Class
C3 and the edge encapsulating M1 and create Class C2 and an according encapsulates edge instead. This
rule is not applicable to any of the example instances considered so far (because in none of these, Class C3
encapsulates M1). ♢

3.3. Nested conditions and constraints
Next, we define nested conditions and constraints [11, 38, 39]. Nested conditions provide a logic to express

properties of morphisms in a category; constraints express properties of objects. For (typed) graphs, nested
conditions are expressively equivalent to standard first-order logic on graphs [38, 11]. Here, every level of
nesting increases the expressivity [38].

In this work, given a type graph TG and a container graph T that is typed over TG, we can consider
two different categories: The category of finite graphs typed over TG, Graphfin

TG, and the category Sub(T )
of subgraphs of T (with inclusions as morphisms). Since every graph from Sub(T ) is also a graph typed over
TG (by composition of the inclusion with the typing of T ), we obtain two variants of defining formulas for it.

We define conditions and constraints category-theoretically and afterwards illustrate the definitions for
Graphfin

TG and Sub(T ).
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Definition 4 ((Nested) conditions and constraints). In a category C, given an object C0, a (nested) condition
over C0 is defined recursively as follows:

• true is a condition over C0.

• If a1 : C0 ↪→ C1 is a monomorphism and d is a condition over C1, ∃ (a1 : C0 ↪→ C1, d) is a condition
over C0.

• Moreover, Boolean combinations of conditions over C0 are conditions over C0.

In a category with a strict initial object ∅, a (nested) constraint is a condition over ∅.
We recursively define the nesting level of a condition c as

nl(true) = 0;
nl(¬d) = nl(d);

nl(d1 ⊙ d2) = max{nl(d1), nl(d2)}, where ⊙ ∈ {∨,∧};
nl(∃(a1 : C0 ↪→ C1, d)) = nl(d) + 1.

Satisfaction of a nested condition c over C0 for a morphism g : C0 → G, denoted as g |= c, is defined as
follows:

• Every morphism satisfies true.

• The morphism g satisfies a condition of the form c = ∃ (a1 : C0 ↪→ C1, d) if there exists a monomorphism
q : C1 ↪→ G such that g = q ◦ a1 and q |= d.

• For Boolean operators, satisfaction is defined as usual.

An object G satisfies a constraint c, denoted as G |= c, if the unique monomorphism ιG : ∅ ↪→ G does so.
An object G satisfies a set of constraints C, denoted as G |= C, if G satisfies each individual constraint

c ∈ C. ♢

Remark 4. In the notation of conditions, we drop the domains of the involved morphisms and occurrences of
true whenever they can be unambiguously inferred. Moreover, we introduce ∀ (C1, d) as an abbreviation for the
condition ¬∃ (C1,¬d). For example, we write ∀ (C1, ∃C2) instead of ¬∃ (a1 : ∅ ↪→ C1,¬∃ (a2 : C1 ↪→ C2, true)).
At other places, especially where it is convenient for compact presentation of computations, we will not display
the graphs of a condition but merely the identifiers of the involved morphisms, writing, e.g., ∀ (a1, ∃ a2).

To be able to notationally distinguish between satisfaction of constraints and conditions in the category
Graphfin

TG from the one in Sub(T ) (where T is typed over TG), we use the symbol |=I to denote satisfaction
in Sub(T ) and ≡I to denote equivalence in Sub(T ). Moreover, we denote the morphisms in conditions over
graphs from Sub(T ) as bi : Bi−1 ⊆ Bi to visually differentiate these from (i) morphisms ai : Ci−1 ↪→ Ci in
conditions over a graph from Graphfin

TG and (ii) from inclusions ιCi

G : Ci ⊆ G ∈ Sub(T ) we use to check the
satisfaction of such conditions. ♢

Example 4. The definition of the CRA problem comes with additional constraints (compare Sect. 2.2): As
a minimum, one requires that every Attribute and every Method is encapsulated by exactly one Class. In this
paper, for illustrative purposes, we additionally add the constraint that every Attribute is private, which can
be expressed by requiring that every Method that has a data dependency to an Attribute is encapsulated by
the same Class encapsulating the Attribute.

Figure 7 depicts in Graphfin
TG the constraint expressing the lower bound on encapsulation of Methods,

namely stating that every Method shall be encapsulated by (at least) one Class (the names of the elements in
the graphs indicate the homomorphism from C1 to C2); in the following, we refer by clb to that constraint.
In Sub(T ), in contrast, we can only express properties of concrete elements (as the constraints in Sub(T )
are defined in terms of subgraphs of T ); thus, the constraint in Fig. 8 expresses that the concrete Method M1
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∀




m:Method

C1
, ∃

c:Class m:Method

C2

encapsulates




Figure 7: Constraint clb in Graphfin
TG requiring every Method to be assigned to at least one Class

¬∃

M1:Method

D

∨ ∃

C1:Class

M1:Method

B1

encapsulates ∨ · · · ∨ ∃

C6:Class

M1:Method

B6

encapsulates

Figure 8: One conjunct of constraint c
Sub(T )
lb in Sub(T ), requiring Method M1 to be assigned to at least one of Classes C1, . . . ,

C6 from T (in case it exists)

¬∃

m:Method

c1:Class c2:Class

C1

encapsulates encapsulates

Figure 9: Constraint cub in Graphfin
TG forbidding any Method to be assigned to more than one Class

¬∃

M1:Method

C1:Class C2:Class

B1

encapsulates encapsulates
∧ · · · ∧ ¬∃

M1:Method

C5:Class C6:Class

B15

encapsulates encapsulates

Figure 10: Conjunct of constraint c
Sub(T )
lb in Sub(T ), forbidding Method M1 to be assigned to more than one of the Classes C1,

. . . , C6 from T
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∀




m:Method a:Attribute

c:ClassC1

dataDep

encapsulates , ∃

m:Method a:Attribute

c:ClassC2

dataDep

encapsulatesencapsulates




Figure 11: Constraint cpriv in Graphfin
TG requiring the sources of data dependencies (Methods) to be assigned to the same

Classes as their targets (Attributes)

∃

M1:Method A1:Attribute

C1:ClassD

dataDep

encapsulates =⇒ ∃

M1:Method A1:Attribute

C1:ClassB1

dataDep

encapsulatesencapsulates

Figure 12: Conjunct of constraint c
Sub(T )
priv in Sub(T ), requiring Method M1 to be assigned to Class C1 from T in case Attribute

A1 (the target of the data dependency) is

is encapsulated by a Class—either C1, C2, . . . or C6. The same constraint has to be added for Methods M2
and M3. By cSub(T )

lb , we refer to the conjunction of these constraints.
Continuing, the constraint from Fig. 9 expresses in Graphfin

TG that no Method is encapsulated by more
than one Class, that is, it states an upper bound on these encapsulations; in the following, we refer by cub to
that constraint. Again, in Sub(T ), we have to express this for every Method individually and exclude any
possible pair of Classes; the resulting set of constraints for Method M1 is shown in Fig. 10. By cSub(T )

ub , we
refer to the conjunction of these constraints.

Finally, Fig. 11 shows a constraint in Graphfin
TG that—together with the requirement that every Attribute

is encapsulated—expresses that Methods are encapsulated together with the Attributes to which they have
data dependencies, i.e., the constraint that Attributes are private. We refer via cpriv to this constraint in the
following. Figure 12 shows the same constraint for the data dependency between Method M1 and Attribute
A1 for Class C1; we have to add such a constraint for every data dependency in T for every Class. By cSub(T )

priv
we refer to the conjunction of these constraints. ♢

Assumption on presentation of constraints in Sub(T ). In a category of subgraphs Sub(T ) (where T is
finite), we can transform every nested condition or constraint into an equivalent and non-nested condition or
constraint. In particular, we can assume every constraint to be given in one of the normal forms well-known
from propositional logics, with literals being nested constraints of nesting level ≤ 1. We prove this in [27].
Moreover, in that note we also show how to systematically translate the far more succinct constraints from
Graphfin

TG to semantically equivalent constraints in Sub(T ).
Therefore, without loss of expressivity, we make the following assumption for the rest of the paper.

Assumption 1. We assume that, given a type graph TG, a finite graph T typed over it, and a set C of
conditions in Sub(T ), all the conditions from C are individual clauses of literals over Sub(T ) (i.e., we assume
these to be given in conjunctive normal form (CNF) but split up the different clauses of a condition into
different conditions).

• the trivial cases: c = true or c = false;

• the purely positive case: c = ∃ (B1, true) ∨ · · · ∨ ∃ (Bt, true);

• the purely negative case: ¬∃ (D, true);

11



• the mixed or implication case:

¬∃ (D, true) ∨ ∃ (B1, true) ∨ · · · ∨ ∃ (Bt, true)
≡∃ (D, true) =⇒ ∃ (B1, true) ∨ · · · ∨ ∃ (Bt, true). ♢

3.4. Variability-based rules
A variability-based rule (VB rule) [17] is a compact representation of a family of related, individual

rules. We present VB rules since in our approach we will first derive a VB rule from an activation diagram.
This VB rule will encode different ways of augmenting an originally given rule in a consistency-preserving
fashion. Individual consistency-preserving rules can then be derived from the VB rules as instances. Instead
of introducing VB rules in full generality [17], we present a simplified definition inspired by [10] that suffices
for our purposes.

We start by concisely introducing feature models and their configurations as the definition of a VB rule
makes use of these. In our presentation of feature models and VB rules we closely follow [10]. Feature
models [40] allow specifying the variant space of a variant-rich system in a hierarchical form, graphically
commonly represented as a feature diagram. A feature model comprises a set of features and relations
amongst those, such as parent-to-child, alternative groups, and exclusion between features. Each possible
variant of the system arises from a subset of its features, called a configuration of the feature model.

Definition 5 (Feature model. Configuration). A feature model fm consists of a set of literals F , called
features, a strict partial order < defining a parent–child relationship over the features, and a propositional
formula Q over elements from F , called cross-tree constraints and expressing relationships between features.
The partial order has a minimal element, the root element. A feature g is considered a child of feature f if
f < g and there exists no feature h ∈ F such that f < h < g. Child features can be mandatory or optional.
Moreover, a feature can be a group feature, namely an or or a xor group; in that case, it must have at least
two children.

Given a feature model fm, a configuration F is a subset of F ; the features of F are called active. A
configuration F is valid if it satisfies the following properties:

1. CRoot: If f is the root feature of fm, f ∈ F .

2. CPar: If g is the parent of f and f ∈ F , then g ∈ F .

3. CMand: If g is a mandatory child of f and f ∈ F , then g ∈ F .

4. COr: If f is an or group and f ∈ F , then at least one of f ’s children is also in F .

5. CXor: If f is a xor group and f ∈ F , then exactly one of f ’s children is also in F .

6. CRel: The features selected in F satisfy the relations required by the formula Q, i.e., if χF is the
characteristic function of F , then χF |= Q. ♢

Example 5. The feature diagram in Fig. 13 represents the MobileMedia SPL, a standard example for
variability-rich systems [41]. MobileMedia is the root feature and has three mandatory children, of which
MediaSelection is an “or” group, Screensize is an “xor” group, and MediaManagement has three optional
children. The implication cross-tree constraint at the bottom represents a requires relationship exposing
the need of selecting CopyMedia when SMSTransfer is selected. An example for a valid configuration is c1
= {MobileMedia, MediaSelection, Music, MediaManagement, ScreenSize, Screen3}. Adding Screen1 to c1
leads to an invalid configuration, because having two active children of the same “xor” group violates an
underlying validity constraint of feature models. In the following, we use the graphical notation from Fig. 13
to display feature diagrams. ♢

We now introduce VB rules as we use them in Section 5.
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CopyMedia SMSTransferPhoto Favourites

ViewFavourites

Screen2 Screen3Screen1

MobileMedia

Music Video

ReceivePhoto SendPhoto

MediaManagement ScreenSize

SetFavourites

MediaSelection

⇒SMSTransfer  CopyMedia

Legend:

Mandatory

Optional

Or Group

Alternative Gr...

Feature

Figure 13: Example feature diagram of Mobile Media [41]

M1:Method
root

C1:Class
root

C2:Class

++

Or2

C3:Class

++

Or3
C4:Class

++

Or4
C5:Class

++

Or5
C6:Class

++

Or6

MoveM1FromC1ToOtherClass

Feature model

root −− Or2++

Or3
++

Or4
++

Or5
++

Or6
++

root

Or2 Or3 Or4 Or5 Or6

Figure 14: Example VB rule capturing the different possibilities to move Method M1 from C1 to another Class

Definition 6 (Variability-based rule). Given a type graph TG and a graph T typed over it, a variability-based
rule (VB rule) pv = (p, fm, bL, bK , bR) in Sub(T ) consists of a rule p = L ⊇ K ⊆ R in Sub(T ), a feature
model fm, and functions bL, bK , bR that map the elements of L,K and R, respectively, each to a propositional
formula over the features F of fm, called presence condition.

Given a valid configuration F of fm, let XF , where X ∈ {L,K,R}, denote the respective sets of elements
whose presence conditions evaluate to true under F (i.e., for each x ∈ X it holds that x ∈ XF ⇐⇒
χF |= bX(x), where χF is the characteristic function of F ⊆ F). The configuration F induces a rule
pF = LF ⊇ KF ⊆ RF , also referred to as a variant of pv, if LF ,KF and RF are graphs and KF ⊆ LF and
KF ⊆ RF . ♢

We will later construct presence conditions in such a way that every valid configuration of our VB rules
induces a rule.

Example 6 (VB rule). Figure 14 depicts a VB rule in an integrated fashion3. Its interface consists of the
nodes C1 and M1; its LHS additionally contains the edge between these two nodes. Beyond the interface,
its RHS contains Classes C2, . . . , C6 and their outgoing edges. All edges are of type encapsulates, which is
omitted from the figure since it is the only available type. The rule’s feature model is depicted at the bottom,
consisting of a root feature and five children Or2, . . . , Or6, grouped in a Xor-group. The presence conditions

3Note that our integrated illustration does not work for VB rules in general because bL, bR, bK can differ on elements and
the underlying rule of a VB rule does not need to be pure.
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M1:MethodC1:Class C2:Class

++
MoveM1FromC1ToC2

−− ++

Figure 15: Instantiation of MoveM1FromC1ToC2 of MoveM1FromC1ToOtherClass induced by configuration {root, Or2}

of the rule elements are indicated by annotations; bL and bK are constant, mapping every element contained
in the LHS resp. interface to root. The function bR also maps C1 and M1 to root and every further Class,
together with its incident edge, to OrX, where X coincides with the number of the Class.

Because the children of root constitute a Xor-group (here indicated by standard concrete syntax for
feature models), the rule’s feature model has five valid configurations, namely {root, OrX} for X ∈ {2, . . . , 6}.
Thus, the VB rule encodes five rules, namely the five rules moving M1 from C1 to one of the other Classes
available in T ; Fig. 15 depicts the instance moving M1 to C2. Note that those are the potential reactions to
maintain validity when removing M1 from C1 (because every Method should be assigned to a Class). We will
systematically construct VB rules that capture all ways to maintain consistency with regard to a given set of
constraints in Sect. 5. ♢

3.5. Effect-oriented transformations
In [28], we introduced effect-oriented graph transformation as a means to deal with the problem that

application context for rules might be unknown at their design time. In particular, when designing rules that
are intended to preserve the validity of given constraints, it is regularly the case that it is known that a change
to an element x (creation or deletion) necessitates a change also to element y (creation or deletion)—in case
y does(n’t) exist in the first place. However, whether the respective element y exists (or not) at runtime
is unknown at design time. In effect-oriented graph transformations, we equip effect-oriented rules with a
kind of skip semantics that allows defining selected actions (creations and deletions) as potential ones: A
potential creation is only performed if the respective element does not already exist and a potential deletion
is only performed if the respective element exists. In contrast to traditional graph transformation, existence
resp. non-existence of the elements concerning potential creations and deletions does not stop the rule from
being applied; unnecessary actions are just skipped, and remaining actions are performed upon application
of the rule according to effect-oriented semantics. The whole approach drastically reduces the number of
rules one needs to specify to cover all possible scenarios for which one wants to implement a certain action.
The intended semantics of an effect-oriented transformation is the following: Formally, rendering actions
potential is realised by defining an effect-oriented rule as a pair of rules with one rule being a subrule of the
other. The subrule, called base rule, specifies the mandatory actions; the additional actions defined in the
super rule, called maximal rule, are the potential ones. The extension relationship between the two rules is
formally captured by the base rule being a subrule of the maximal rule (the definition of which simplifies the
concept of kernel and multi-rules [42]).

In the following, we formally introduce effect-oriented graph transformation in the context of a category
Sub(T ), where T is a typed graph. Compared to our approach to ordinary graph transformation in [28],
we do not have to consider a matching process since in Sub(T ) every part of a rule is a subgraph of T ;
this considerably simplifies the definitions. However, for our application later in this paper (constructing
consistency-preserving rules), we need to extend the original approach and also allow skip-operations for
elements from the interface of the rule. This leads to a potential problem for the semantics if defined via the
subrule relationship: If a node in the interface is allowed to be skipped for which the rule also declares a
potential creation of an adjacent edge, the semantics becomes unclear for applications to graphs in which the
to-be-skipped interface node does not exist: Should this node then also be created (even though it is nowhere
defined to be created in the rule) or should the creation of the adjacent edge be omitted (even though it
does not yet exist, violating the intended semantics of effect-oriented transformations)? To avoid this, we
extend the definition of effect-oriented rules by what we call context extensions that serve to provide the
skip-actions for interface elements.
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L′ K ′ R′

(PB) (PB)

L K R

⊇ ⊆

⊆⊆ ⊆

⊇ ⊆

Figure 16: Subrule p′ of a rule p

M1:MethodC1:Class C2:Class

++mMoveM1FromC1ToC2EffOr

−− m++

Figure 17: Effect-oriented rule moving Method M1 from Class C1 to Class C2 (also in case C2 already exists)

Definition 7 (Subrule. Effect-oriented rule). Given a rule p = (L ⊇ K ⊆ R) in Sub(T ), a subrule of p
is a rule p′ = (L′ ⊇ K ′ ⊆ R′) such that X ′ ⊆ X for X ∈ {L,K,R} and K ′ = L′ ∩K and K ′ = R′ ∩K in
Sub(T ), i.e., both squares in Fig. 16 are pullbacks in Graphfin

TG (by L ⊆ T ). We denote such a subrule
relationship between rules as p′ ⊆ p.

An effect-oriented rule pe is a rule together with a subrule and a context extension for the rule, i.e.,
a triple (pb = (Lb ⊇ Kb ⊆ Rb), pm = (Lm ⊇ Kb ⊆ Rm), kext : Kb ⊆ Km) such that (i) pb is pure and
Lm ∩Rm ⊆ Km; (ii) pb and pm have an equal interface Kb and pb ⊆ pm; (iii) kext factors through Kb ⊆ Lm
inducing a pullback, i.e., Km ⊆ Lm and Lb ∩Km = Kb. The rules pb and pm are called the base rule and the
maximal rule, respectively. The potential deletions of the maximal rule are the elements of (Lm \Km) \ Lb;
similarly, its potential creations are the elements of (Rm \Kb) \Rb. ♢

Example 7. The rule MoveM1FromC1ToC2 is one of the instantiations of MoveM1FromC1ToOtherClass
(see Figs. 14 and 15 in Example 6). Figures 17 and 18 show two different ways to interpret that rule as
an effect-oriented rule. First, in Fig. 17, we interpret the instantiated rule MoveM1FromC1ToC2 as the
maximal rule of the effect-oriented rule. The base rule merely consists of the deletion of the encapsulates-edge
between C1 and M1, the context extension is the identity morphism in this case. That an element belongs to
the maximal rule is indicated by the index m in the figure.

In Fig. 18, in contrast, the base rule is the constant rule with each graph merely consisting of M1 (and
performing no action). All actions are part of the maximal rule (again indicated by the index m on elements)
and Class C1 becomes part of Km, i.e., of the target graph of the context extension (and, consequently, also
part of the LHS Lm of the maximal rule). ♢

An effect-oriented transformation, i.e., the application of an effect-oriented rule, first consists of the
application of the base rule. Subsequently, all applicable potential actions (deletions and creations) are
performed. Technically, we separate the computation of applicable potential deletions and applicable potential
creations (combining them into a single rule in a second step). This allows us to consider the context extension
only for computing applicable potential deletions, leading to the desired effect that we can use the context

M1:MethodC1:Class
ce

C2:Class

++m
MoveM1FromC1ToC2EffOrV2

m −− m++

Figure 18: Effect-oriented rule moving Method M1 from Class C1 to Class C2 (also in case C2 already exists or C1 does not)
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Lb Kb Rb

LG′
ind KG,L

ind KG,R
ind

(2)

G (1) Lm Km Rm (3) G

T T

Figure 19: First part of construction of the induced rule

Lb Kb Rb

LG′
ind KG,L

ind ∪ KG,R
ind Rm

∪ ∪

LG
ind KG

ind RG
ind

Figure 20: Second part of construction of the induced rule

extension to define adjacent nodes for potentially to be deleted edges, without having to care about what
this means for potential creations. The following definition captures this formally.

Definition 8 (Effect-oriented transformation). Given a typed graph T , an effect-oriented rule pe =
(pb, pm, kext) with pb = (Lb ⊇ Kb ⊆ Rb), pm = (Lm ⊇ Kb ⊆ Rm), and kext : Kb ⊆ Km in Sub(T )
and a graph G in Sub(T ) such that Lb ⊆ G and Rb ∩ G ⊆ Kb, the rule induced by pe for G, denoted as
pG

ind = (LG
ind ⊇ KG

ind ⊆ RG
ind), is computed in several steps, which are overviewed in Figs. 19 and 20 (where

dashed arrows indicate morphisms that are computed during the construction):
(i) Determining deletions to be performed: We set LG′

ind := G ∩ Lm and KG,L
ind := LG′

ind ∩Km in Sub(T ),
i.e., we compute the squares (1) and (2) in Fig. 19 as pullbacks in Graphfin

TG.
(ii) Determining creations to be performed: We set KG,R

ind := Rm ∩G in Sub(T ), i.e., we compute square
(3) in Fig. 19 as pullback in Graphfin

TG.
(iii) Combining deletions and creations into rule: We set KG

ind := KG,L
ind ∪K

G,R
ind and then LG

ind := LG′
ind∪KG

ind
and RG

ind := Rm ∪KG
ind; this is illustrated in (the bottom row of) Fig. 20.

Given an effect-oriented rule pe and a graph G, an effect-oriented transformation t : G =⇒ H via pe is
the derivation G =⇒pG

ind
H via the induced rule pG

ind. ♢

Remark 5. Note that, by construction, KG
ind ⊆ LG

ind, R
G
ind. We require Lb ⊆ G to ensure that the deletions

prescribed by the base rule pb are performed when applying pG
ind. Analogously, requiring Rb ∩ G ⊆ Kb

ensures this for the creations. ♢
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Example 8. Consider the rule MoveM1FromC1ToC2 from Example 6 (see Fig. 15) and its two effect-oriented
adaptations we introduced in Example 7 (Figs. 17 and 18). By definition, the rule MoveM1FromC1ToC2 is
applicable to graphs in Sub(T ) where M1 is actually encapsulated by C1 and where C2 does not yet exist.
Hence, it is not applicable to any of the graphs from Sub(T ) we have considered so far (which either already
contain C2 or do not contain C1).

In contrast, MoveM1FromC1ToC2EffOr (Fig. 17) is applicable to any graph in Sub(T ) in which C1
encapsulates M1. The creation of Class C2 and its outgoing encapsulates-edge to M1 are rendered potential.
In particular, MoveM1FromC1ToC2EffOr is applicable to the graph S (Fig. 4), deleting the encapsulates-edge
between C1 and M1, creating a new such edge between C2 and M1 and skipping the creation of C2, which
already exists in S. Similarly, MoveM1FromC1ToC2EffOr is applicable to T , with the only effect of removing
the edge from C1 to M1. Note how the rule captures different situations and ways to move M1 from C1 to C2
in a single rule.

However, MoveM1FromC1ToC2EffOr is not applicable to graph P (Fig. 3), because its base rule re-
quires the deletion of an encapsulates-edge between M1 and C1, which is not present in P . The rule
MoveM1FromC1ToC2EffOrV2 (Fig. 18), rendering this action also potential, is also applicable to P , omitting
the deletion of the encapsulates-edge between M1 and C1, and creating C2 together with the outgoing encapsu-
lates-edge to M1. Note that this is only possible because the node C1 in MoveM1FromC1ToC2EffOrV2 is part
of the context extension, allowing to skip its matching. Note also that applying rule MoveM1FromC1ToC2EffOrV2
may not result in a model satisfying all constraints. For example, if Class C3 already encapsulates Method M1,
then applying rule MoveM1FromC1ToC2EffOrV2 would lead to a situation where the method is encapsulated
by two classes, contrary to the constraint shown in Fig. 10. ♢

Properties of effect-oriented transformations. We ascertain that important properties of effect-oriented rules,
originally proven in [28], are also true for our adapted and extended definition in Sub(T ).

First, the base rule of an effect-oriented rule is a subrule of all its induced instances. This is an analogue
to Prop. 1 in [28].

Proposition 2 (Base rule as subrule of induced rule). Given a typed graph T and an effect-oriented rule
pe =

(
pb = (Lb ⊇ Kb ⊆ Rb), pm = (Lm ⊇ Kb ⊆ Rm), kext

)
in Sub(T ) then, for any graph G in Sub(T )

such that Lb ⊆ G and Rb ∩G ⊆ Kb, the induced rule pG
ind = (LG

ind ⊇ KG
ind ⊆ RG

ind) is pure and pb is a subrule
of pG

ind. ♢

Secondly, after an effect-oriented transformation, we have certain guarantees about the (non-)existence of
elements. This is the analogue to Theorem 1 in [28]; however, the situation is much simpler in Sub(T ).

Proposition 3 (Characterising effect-oriented transformations). Given a typed graph T , an effect-oriented
rule pe =

(
pb = (Lb ⊇ Kb ⊆ Rb), pm = (Lm ⊇ Kb ⊆ Rm), kext : Kb ⊆ Km

)
in Sub(T ) and a graph G in

Sub(T ) such that Lb ⊆ G, Rb ∩G ⊆ Kb, and the induced rule pG
ind = (LG

ind ⊇ KG
ind ⊆ RG

ind) is applicable to
G, then

1. no element of Lm \Km appears in H; and

2. every element of Rm appears in H,

where G =⇒pG
ind

H is the effect-oriented transformation induced by pe on G. ♢

In contrast to the case of Graphfin
TG, where the matching process for effect-oriented transformations

ensures that an effect-oriented transformation is always possible when a match for the base rule exists, this
is not longer true for our definition of effect-oriented transformation in Sub(T ): The application of the rule
pG

ind induced by an effect-oriented rule pe for a graph G ∈ Sub(T ) might be hindered by the dangling-edge
condition. In our application in Section 5, we prevent this by ensuring that in the maximal rules we construct,
together with a node all potential adjacent edges are declared to be deleted.
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4. Activation Diagrams and their Construction

In this section, we introduce our construction of activation diagrams. These capture, in a compact way,
the interaction of the validity of constraints with atomic changes that are performed on graphs. From the
activation diagrams, we derive consistency-preserving rules in Sect. 5.

Setting. We start by specifying the setting we are going to work in this and the following section. Compared
to the previous sections, we consider one extension to the situation considered so far. In our envisioned
application of solving selection problems (see Sects. 1 and 2), we actually do not work in a category Sub(T ).
Instead, we are only interested in graphs G ∈ Sub(T ) that additionally contain a given graph P as subgraph,
encoding the concrete problem instance that is to be solved. Only graphs containing P constitute solution
candidates for that problem. We denote as Sub(T ⊇ P ) this subcategory of Sub(T ) that consists of graphs
G with P ⊆ G ⊆ T as objects and their inclusions as morphisms.

For illustration, consider again our running example of class responsibility assignment (Sect. 2.2) and, in
particular, the type graph depicted in Fig. 2. The elements depicted in black and with solid borders serve to
define problem instances: graphs containing sets of Attributes and Methods (and their interdependencies)
that have to be assigned to Classes. Given such a problem instance P (i.e., a graph not containing Classes)
as depicted in Fig. 3, we are interested in adding and removing Classes and encapsulates-edges to construct a
design that optimally assigns Attributes and Methods to Classes (according to some metric). Thus, given P ,
fixing as container graph T some meaningful upper bound on allowed Classes and all potential assignments
these allow for (as, e.g., in Fig. 5), solution candidates for this selection problem are graphs G such that
P ⊆ G ⊆ T .

For rules and constraints, this has the following ramifications. Rules that only modify elements from
T \ P (i.e., Classes and their assignments) transform solution candidates into solution candidates. Rules that
modify elements from P (i.e., change the given set of Attributes, Methods or their interdependencies), in
contrast, would change the problem instance that is to be solved. Similarly, constraints where every occurring
graph contains at least one element from T \ P express desired properties of solutions (like every Method
being assigned to a Class) whereas other constraints would express properties of problem instances. Moreover,
strictly speaking, for rules and constraints to actually belong to Sub(T ⊇ P ) each of their occurring graphs
needs to contain P . Note that for P = ∅ we work in Sub(T ); i.e., this is indeed a generalisation of the setting
considered so far.

Summarizing, we work in the following setting.

Assumption 2. For the whole of Sects. 4 and 5, we assume to be given a type graph TG, a finite graph T ,
the container graph, typed over it, a graph P ⊆ T , the problem graph, and a set of constraints C. Throughout,
we work in Sub(T ⊇ P ), which means the following: For any given rule p = L ⊇ K ⊆ R we consider, it
holds that P ⊆ L,K,R; in particular, this implies L \K ⊆ T \ P and R \K ⊆ T \ P , i.e., p only deletes or
creates elements from T \ P . Regarding constraints we assume that

• Every constraint c ∈ C is in one of the formats from Assumption 1, i.e., it is either purely positive,
purely negative or in implication format.

• For any graph B occurring in any of the constraints c ∈ C it holds that B ∩ (T \ P ) ̸= ∅, i.e., every
such graph contains at least one element from T \ P . ♢

Remark 6. Note that in Sub(T ⊇ P ), since P is a graph, for every node x of some graph G ∈ Sub(T ⊇ P ),
if x stems from T \P all of its incident edges (in G) also stem from T \P . We will regularly silently use that
in the following.

Regarding the condition on constraints that each of their graphs contains at least one element from T \P ,
we can trivially achieve this in the following way. Per se, we do not expect this to hold for user-defined
constraints (or for constraints resulting from the translation we develop in [27]). However, in any case we
can assume a constraint to be given in normal form according to Assumption 1. In such constraints, still
literals ∃B or ¬∃D might occur such that B ∩ (T \ P ) = ∅ or D ∩ (T \ P ) = ∅, respectively. This implies
B ⊆ P or D ⊆ P , respectively. Importantly, this means that for every graph G ∈ Sub(T ⊇ P ), G |=I ∃B
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Figure 21: Simplified conjunct of constraint c
Sub(T )
lb in Sub(T ), requiring Method M1 to be assigned to at least one of Classes

C1, . . . , C6 from T

and G ⊭I ¬∃D. Therefore, we can drop every constraint c containing such a literal ∃B from our constraint
set C—the constraint c evaluates to true for every graph G ∈ Sub(T ⊇ P ). Similarly, we can omit every such
negative literal ¬∃D from its constraint c—no graph G ∈ Sub(T ⊇ P ) can satisfy c by satisfying this literal.
(More formally, in the second case, we substitute ¬∃D by false in c, which does not change the semantics
for graphs G ∈ Sub(T ⊇ P ), and then omit false by applying the identity rule for ∨.) In summary, this
requirement on constraints does not pose any real restriction but serves to ensure that the given constraints
express properties of graphs G ∈ Sub(T ⊇ P ) and not just properties of P . Similarly, we can achieve that
every graph X occurring in a constraint or rule contains P by just considering X ∪P ; it is also easily verified
that for the just discussed rules and constraints this does not change the semantics (in Sub(T ⊇ P )). ♢

Example 9 (Representation of the CRA problem in terms of assumption). We illustrate the above assumption
using the CRA problem. Thus, let the graph TG from Fig. 2 be our type graph, T from Fig. 5 be our
container graph, the graph P from Fig. 3 our problem graph, and let the constraint set C consist of the
constraints requiring all Methods and Attributes to be allocated to exactly one Class and all Attributes being
private. In accordance with Assumption 2, these constraints are given in the following form. First, the
constraints requiring every Method and every Attribute to be assigned to at least one Class are purely positive.
Originally, when translating the according constraints from Graphfin

TG, we receive constraints in implication
format as depicted in Fig. 8. Following the above remark, however, we can omit the negative literal forbidding
the existence of a Method (or Attribute) since, as elements belonging to P , these are bound to exist. Figure 21
shows the resulting simplified constraint for Method M1, the clause consisting of six positive literals giving
the six different possibilities to assign M1 to one of the available Classes. Analogous constraints (clauses)
are given for the other five Methods and Attributes. As a convention, to reduce the size of our figures, we
refrain from always displaying the whole graph P for constraints as well as for rules, but in the following only
display the elements from X \ P (where X is some graph from a rule or a constraint) and those elements
from P that are necessary to complete X \ P into a graph (i.e., nodes from P that are adjacent to an edge
from X \ P ). For instance, we compactly represent the constraint from Fig. 21 as shown in Fig. 22.

Figure 10 shows the fifteen clauses that together forbid Method M1 to be assigned to more than one Class
by explicitly excluding every possible pair of assignments. We consider these fifteen clauses as individual
negative constraints. In total, we have 90 such constraints—fifteen for every Method or Attribute from T .

The constraint ensuring Attributes being private is displayed in Fig. 12 for the data dependency between
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Figure 23: Type graph for activation diagrams (making use of inheritance for compactness)

M1 and A1 and the case that A1 is assigned to C1. This constraint is an implication constraint. In total, we
have 24 of such constraints, namely one for each pair of data dependency and Class.

Finally, regarding rules, we assume that all rules we encounter only manipulate Classes and/or encapsulates-
edges. In particular, the rules do not create or delete Methods, Attributes and their dependencies. All rules
we have seen so far satisfy this assumption. ♢

In the following, we first abstractly define activation diagrams and then describe how we derive activation
diagrams from given container and problem graph and a set of constraints. The process is a generalisation of
the process developed in [10] for the specific case of feature configuration.

Definition 9 (Activation diagram). An activation diagram is a directed graph that is typed over the type
graph displayed in Fig. 23 (where we make use of inheritance for a more compact representation). This
means, an activation diagram has nodes that represent the creation of elements, nodes that represent the
deletion of elements and nodes that group actions, namely Or-Nodes and And-Nodes. And-Nodes can only
reference ElementDecisions, i.e., nodes of type ElementCreation or ElementDeletion. ♢

We build activation diagrams to capture the interaction of the creation or deletion of elements with the
validity of constraints. Intuitively, the outgoing edges of an ElementDecision node capture what actions can
or must be taken so that the given constraints remain valid after that action. For instance, given the decision
to create the element x and a constraint that forbids the graph D to exist of which x is a part, we know we
need to guarantee the non-existence of at least one y ∈ D with y ≠ x. We represent this by creating edges
to the ElementDeletion nodes for all elements of D \ x, grouped by an Or-Node to indicate that it suffices
to perform one of these deletions. The building process for activation diagrams is driven by interaction
principles that capture the interaction of the creation and deletion of elements and the validity of constraints,
and we check for all possible such interactions. The following construction of activation diagrams abstracts
from algorithmic details because these are not relevant for the goal of this paper, which is to establish the
correctness of the construction. However, Horcas et al. have presented an efficient implementation of their
feature activation diagrams via depth-first search [10] and we are confident that their algorithm can be
adapted to our case.

Construction 1 (Activation diagram). Given a type graph TG, graphs T ⊇ P typed over it, serving as
container and as problem graph, and a finite set C of constraints in Sub(T ⊇ P ) in normal form according
to Assumption 2, the activation diagram for T, P and C, denoted as ADT ⊇P,C , is constructed as follows:

1. For each element x of T \ P (node or edge), add one corresponding ElementCreation node and one
corresponding ElementDeletion node to ADT ⊇P,C . (Given an element x of T \ P , we will always refer
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via +x to its corresponding ElementCreation node and via −x to its corresponding ElementDeletion
node in ADT ⊇P,C .)

2. For each ElementCreation node n of ADT ⊇P,C that corresponds to an edge e of T \P , add edges from n
to the ElementCreation nodes that correspond to the nodes adjacent to e in T \ P .

3. For each ElementDeletion node n of ADT ⊇P,C that corresponds to a node a of T \ P , add edges from n
to the ElementDeletion nodes that correspond to the edges adjacent to a in T \ P .

4. For each ElementDecision node n ∈ ADT ⊇P,C , extend ADT ⊇P,C by applying all interaction principles
from Definition 10 to n that are applicable given C. ♢

Before presenting the interaction principles that drive the construction of activation diagrams, we remark
on two technical details.
Remark 7.

1. Points 2. and 3. in the above construction serve to ensure that following ElementDecisions actually
results in a graph: Together with an edge, its adjacent nodes are created, and together with a node, its
adjacent edges are deleted.

2. For simplicity of notation, we use ADT ⊇P,C to denote the final activation diagram as well as its
intermediate states during the iterative construction. ♢

The interaction between decisions to create or delete elements and constraints is captured by four
interaction principles that underlie the construction of activation diagrams. We formulate these principles
with an eye towards minimality: For instance, if the existence of a certain graph necessitates a certain
reaction, we only have to trigger this reaction if edges or isolated nodes of the respective graph are added
(the creation of a node without its incident edge can never complete the graph). Similarly, since the deletion
of a node triggers the deletion of its adjacent edges anyhow, it suffices to delete edges or isolated nodes
whenever we have to destroy a graph. To be precise, by isolated node in the following we refer to a node
x ∈ T \ P such that x has no incident edge in the concerned graph.

Definition 10 (Interaction principles). Let a type graph TG, graphs T ⊇ P typed over it and a set C of
constraints in Sub(T ⊇ P ) in normal form according to Assumption 2 be given, and let ADT ⊇P,C denote
the corresponding activation diagram (in its current state during the construction). We have the following
interaction principles.

• Creation principles: Let n be an ElementCreation node from ADT ⊇P,C , corresponding to the node or
edge x ∈ T \ P .

1. CreationNeg: Intuition: For each purely negative constraint c = ¬∃ (D, true) from C, if x ∈ D
and x is an edge or an isolated node of D, we need to ensure that at least one element of D \ x
does not exist.
Therefore, if x ∈ D and x is an edge or an isolated node of D, we add the ElementDeletion
nodes corresponding to other edges and isolated nodes of D as alternative consequences to the
ElementCreation node +x. That is, we add to ADT ⊇P,C the Or node and edges that are depicted
dashed in Fig. 24 (we later explain the labelling of Or nodes and edges). There, the ElementDeletion
nodes −y1, . . . ,−yu correspond to those elements of (D ∩ (P \ T )) \ x that are edges or nodes
isolated in D.

2. CreationImpl: Intuition: For each implication condition c = ∃ (D, true) =⇒ ∨i=1,...,t∃ (Bi, true),
if x ∈ D and x is an edge or an isolated node of D, we need to either ensure that another element
of D \ x does not exist or that also one of the graphs Bi exists.
Therefore, if x ∈ D and x is an edge or an isolated node of D, we add the deletion of other edges
and isolated nodes from D and the creations of the graphs B1, . . . Bt as alternative consequences to
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Figure 24: Illustration of the interaction principle CreationNeg. Dashed elements are newly inserted in ADT ⊇P,C whereas
elements with solid borders (the ElementDecision nodes) already exist.

the ElementCreation node +x. For the creation of a graph, we group the creation of all its elements
using an And node. That is, we add to ADT ⊇P,C the Or node, the And nodes and the edges that
are depicted dashed in Fig. 25, where {y1, . . . , yu} are those elements from (D ∩ (T \ P )) \ {x}
that are edges or nodes isolated in D and analogously {zi

1, . . . , z
i
wi
} are those elements from

(Bi ∩ (T \ P )) \ {x} that are edges or nodes isolated in Bi.

• Deletion principles: Let n be an ElementDeletion node from ADT ⊇P,C , corresponding to the node or
edge x ∈ T \ P .

1. DeletionPos: Intuition: For each purely positive constraint c = ∨i=1,...,t∃ (Bi, true), if x occurs
in a graph Bi0 with i0 ∈ {1, . . . , t}, then we need to ensure that one of the graphs Bj exists, where
j ∈ {1, . . . , t}, j ̸= i0 and x does not occur in Bj.
Therefore, we add the creation of these graphs as alternative consequences to the ElementDeletion
node −x. That is, if x is an edge or an isolated node of such a graph Bi0 , we add to ADT ⊇P,C the
Or node and And nodes depicted dashed in Fig. 26, where {zj

1, . . . , z
j
wj
} are the edges and nodes

isolated in Bj ∩ (T \ P ) and j = 1, . . . , q denote those graphs Bj from c that do not contain x.
2. DeletionImpl: Intuition: For each implication condition c = ∃ (D, true) =⇒ ∨i=1,...,t∃ (Bi, true),

if x is deleted, x ∈ Bi0 ∩ (T \ P ), where i0 ∈ {1, . . . , t}, and x /∈ D, we need to ensure that D does
not exist or that one of the graphs Bj exists, where j ∈ {1, . . . , t}, j ̸= i0 and x /∈ Bj.
Therefore, if x /∈ D and x is an edge or an isolated node of one such graph Bi0 , we add the
deletion of an edge or an isolated node of D or the creation of one of the graphs Bj as alternative
consequences to the ElementDeletion node −x. That is, we add to ADT ⊇P,C the Or node and the
And nodes depicted dashed in Fig. 27. There, {y1, . . . , yu} are the edges and isolated nodes of
D∩ (T \P ), {zj

1, . . . , z
j
wj
} are the edges and isolated nodes of Bj ∩ (T \P ) and j = 1, . . . , q denote

those graphs Bj from c that do not contain x. ♢

Remark 8 (Labelling of activation diagrams and applicability and non-minimality of interaction principles).

• Note that every application of any interaction principle inserts exactly one Or node into the activation
diagram; we refer to that node as the Or node of the application of the principle.

• For the later derivation of constraint-preserving rules, we enumerate Or nodes and outgoing edges of
Or and And nodes; this can be performed during construction. That is, if there are already v Or nodes
in ADT ⊇P,C upon the application of an interaction principle, we label the newly inserted Or node with
v + 1 and enumerate its outgoing edges accordingly as orv+1

1 , . . . , orv+1
w , where w corresponds to the

number of outgoing edges. The outgoing edges of And nodes receive the label of its incoming edge
(starting at an Or node) that is guaranteed to exist by construction.

• We can safely assume that our interaction principles are always applicable, i.e., the sets of nodes to
which we insert edges are never empty. For example, in case of our first principle CreationNeg, if x is
the only element of D ∩ (T \ P ) or, in case x is an edge, D ∩ (T \ P ) only consists of x and its adjacent
node(s), no graph G ∈ Sub(T ⊇ P ) can satisfy the given negative constraint c and simultaneously
contain the element x, i.e., the element x is a “dead” element. Thus, the given problem could be
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Figure 25: Illustration of the interaction principle CreationImpl. Dashed elements are newly inserted in ADT ⊇P,C whereas
elements with solid borders (the ElementDecision nodes) already exist. Note that the ElementCreation nodes in the right column
do not need to be distinct because the same element can occur in several of the involved graphs.

remodelled by removing x from T and the constraint c from the constraint set C. For the other
interaction principles, similar arguments can be made. Note, however, that in the following we do not
make use of this assumption. Instead, if an interaction principle is not applicable, this just leads to the
result that, at the end, we cannot derive a consistency-preserving rule for the case where the originally
given rule performs the action for which the interaction principle was not applicable. This is a correct
result because inapplicability of an interaction principle basically means that performing the action in
question inevitably causes a violation of the considered constraint (as will become clear by our proofs).

• Note that CreationNeg is a subprinciple of CreationImpl and, analogously, DeletionPos is a
subprinciple of DeletionImpl. That is, we do not present our approach in the minimal number of
interaction principles but specifically present the interaction principles for the special cases of purely
positive and purely negative constraints. Note, however, that this does not affect the resulting activation
diagrams: The principle CreationNeg just explicitly shows to what the application of CreationImpl
amounts when applied to a purely negative constraint and, analogously, DeletionPos explicitly shows to
what the application of DeletionImpl amounts when applied to a purely positive constraint. In this way,
we explicitly show how we treat each case of a rather natural presentation of constraints. ♢

Example 10 (Snippet of activation diagram and illustration of interaction principles). Figure 28 shows a
snippet of the activation diagram resulting for our CRA running example as introduced in Example 9. We
start the construction by adding to ADT ⊇P,C an ElementCreation node +Ci and an ElementDeletion node -Ci for
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Figure 26: Illustration of the interaction principle DeletionPos. Dashed elements are newly inserted in ADT ⊇P,C whereas
elements with solid borders (the ElementDecision nodes) already exist. Note that the ElementCreation nodes in the right column
do not need to be distinct because the same element can occur in several of the involved graphs.

every Class Ci, i = 1, . . . , 6. Likewise, we add one ElementCreation and one ElementDeletion node +eCiFj resp.
-eCiFj for every encapsulates-edge of T (where, again, Ci denotes the Class and Fj ∈ {A1, A2, A3, M1, M2, M3},
i.e., Fj denotes the feature). This gives us one ElementCreation and one ElementDeletion node per element
of T \ P (i.e., in total, we have 6 + 36 ElementCreation and the same amount of ElementDeletion nodes).
For space reasons, we only show a snippet of the resulting diagram and, moreover, omit And nodes that are
unnecessary because they only point to one node.

Centrally, the snippet displays the consequences of node +eC2M1, i.e., of the node corresponding to
the creation of the encapsulates-edge between Class C2 and Method M1. First, this node references the
ElementCreation node corresponding to C2: In the second step of Construction 1, for every edge from T \ P
(i.e., for every encapsulates-edge in our example) we add edges from the corresponding ElementCreation
node to the ElementCreation nodes corresponding to the adjacent nodes. Figure 29a illustrates that for the
encapsulates-edge eC2M1 (here, and in the following diagrams, the elements newly inserted into the activation
diagram are indicated as dashed). Similarly, in Step 3 of the construction, for every node from T \ P (i.e.,
for every Class in our example), we add in ADT ⊇P,C an edge from the ElementDeletion node corresponding to
that node to the ElementDeletion nodes corresponding to incident edges. Figure 29b illustrates that for Class
C1 and its outgoing encapsulates-edges (not part of the snippet of the activation diagram in Fig. 28).

Following this, interaction principles are applied to build the activation diagram. Directly to node
+eC2M1, the interaction principle CreationNeg is applicable with regard to each of the constraints
forbidding M1 to be assigned to C2 and another Class simultaneously. Figure 30 illustrates the application
of the principle for Class C1. Note that it suffices to trigger that interaction principle for the two edges
eC1M1 and eC2M1 appearing in the negative constraint—creation of Classes C1 or C2 alone cannot create the
forbidden pattern. Similarly, deleting eC1M1 suffices; deleting C1 would additionally trigger to delete eC1M1
anyhow. Analogously, every ElementCreation node corresponding to an edge triggers various applications
of the interaction principle CreationNeg with regard to the various constraints forbidding Methods and
Attributes to be assigned to two Classes; in our snippet, we just indicate this via the references to the dots.
The node OR6 is a further node from our snippet inserted in that way.

The node -eC1M1 triggers the interaction principles DeletionPos and DeletionImpl. DeletionPos
is triggered with regard to the positive constraint requiring M1 to be assigned to a Class and Or2 and
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Figure 27: Illustration of the interaction principle DeletionImpl. Dashed elements are newly inserted in ADT ⊇P,C whereas
elements with solid borders (the ElementDecision nodes) already exist. Note that the ElementCreation nodes in the right column
do not need to be distinct because the same element can occur in several of the involved graphs.

its outgoing edges are inserted by the application. Figure 31 illustrates the application of that principle,
including the And nodes we omit in Fig. 28. Note again that is suffices to apply that principle for the
edge eC1M1 and not also for the Class C1: The ElementDeletion node corresponding to C1 references the
ElementDeletion node for eC1M1 and we will read off rules in such a way that therefore consequences of
the deletion of eC1M1 are also implied by the deletion of C1. Similarly, it suffices to create references to
the ElementCreation nodes +eCiM1, where i = 2, . . . , 5, because these reference the ElementCreation nodes
corresponding to their incident nodes; in this way, creation of the edge will automatically trigger the creation
of the necessary Class. The node OR4 is a further node in Fig. 28 that is inserted by an analogous application
of principle DeletionPos to node -eC1A1.

DeletionImpl is triggered by node -eC1M1 with regard to the constraint requiring A1 to be private
and Or3 and its outgoing edge are inserted by the application. Figure 32 illustrates the snippet of ADT ⊇P,C
resulting from the application. Note that in this specific case, because the consequent of the constraint
consists of a single graph, deletion of one of the edges or isolated nodes of the graph of the antecedent that
stem from T \ P is the only available possibility (and there is only one such element here, namely edge
eC1A1).

Finally, the ElementCreation node +eC2A1 triggers the application of the principle CreationImpl with
regard to the constraint requiring A1 to be private, leading to the insertion of Or5 and its outgoing edge.
Figure 33 illustrates this application, again including the And node we omit in Fig. 28. ♢

The following proposition shows that, in the worst case, the size of an activation diagram depends linearly
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Figure 28: Snippet of the activation diagram for our CRA running example, where labels above the Or nodes indicate which
interaction principle has been applied

+eC2M1 +C2
(a) . . . basic consistency of edge creation

-C1

-eC1M1
··

·

-eC1A3
(b) . . . basic consistency of node deletion (not part of
snippet of activation diagram)

Figure 29: Illustration of edges inserted into ADT ⊇P,C to ensure. . .

on the number of constraints but quadratically on the size of the largest graph occurring in one of the
constraints and on the maximal number of graphs occurring in one of the constraints. In particular, activation
diagrams are finite. After that basic clarification, we present a result that shows in which way interaction
principles (and, by that, activation diagrams) indeed capture the interaction of graph modifications and the
validity of constraints.

Proposition 4 (Size of activation diagram). Given a type graph TG, a finite graph T typed over it, a problem
graph P ⊆ T and a finite set C of constraints in Sub(T ⊇ P ) in normal form according to Assumption 2, for
the corresponding activation diagram ADT ⊇P,C it holds that

|VADT ⊇P,C | ≤ 2
(
|T \ P |+ |C|(tmax + 1)2|Bmax \ P |

)
, (1)

and
|EADT ⊇P,C | ≤ 4

(
|ET \ EP |+ |C|(tmax + 1)2|Bmax \ P |2

)
(2)

where |VADT ⊇P,C | and |EADT ⊇P,C | denote the numbers of nodes and edges of the activation diagram ADT ⊇P,C,
respectively, |ET | the number of edges of T , tmax is the maximal number of graphs occurring in any of the
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Figure 30: Illustration of principle CreationNeg on the example of edge eC2M1
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Figure 31: Illustration of principle DeletionPos on the example of edge eC1M1
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Figure 32: Illustration of principle DeletionImpl on the example of assignment of Method M1 to Class C1
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Figure 33: Illustration of principle CreationImpl on the example of data dependency between M1 and A1
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constraints c ∈ C and |Bmax| denotes the size (sum of nodes and edges) of the largest graph occurring in any
of the constraints c ∈ C. ♢

Remark 9. In practical examples, the number |Bmax| tends to be rather small. The crucial factors, actually,
are the number of constraints |C| and tmax, which tend to be large for constraints in Sub(T ) because these
list every possible concrete situation individually. (We make this intuition technically precise in [27], where
we translate constraints from Graphfin

TG to Sub(T ).)
Moreover, in principle, it is possible to construct activation diagrams lazily. This is (at least partially)

done in the implementation of feature activation diagrams that Martinez, Horcas et al. provide [43, 10]: the
diagram is constructed lazily as feature-activation decisions are added. Essentially, adding a feature-activation
decision “adds” all directly implied feature-activation decisions and activation-diagram nodes and stops
where these nodes are already part of the diagram. This constructs a (potentially partial) feature activation
diagram that (as we will see later) would allow one to read off the VB rule derived for the feature-activation
decision for which the process was started (and also for any of the feature decisions encountered in the
process). In practice, the implementation then loops over all real-optional features, but in principle, this
could also be done online during the search for an optimal feature configuration. This analogously transfers
to the construction of activation diagrams in general.

For these reasons, we are convinced that computing activation diagrams can be performed efficiently. ♢

Example 11. In our running example (as introduced in Example 9), the above proposition guarantees that
the resulting activation diagram has at most 47,124 nodes and at most 376,464 edges.

Revisiting Example 10 more closely, the actual size of the resulting activation diagram is 348 nodes (of
which 264 are Or nodes) and 744 edges. In the first three steps of the construction, we add 84 ElementDecision
nodes and 72 edges to the diagram. The applications of the interaction principles then add the following
structure: We apply the principle CreationNeg 180 times, namely 5 times per every encapsulates edge of T
(or twice per each of the occurring 90 negative constraints expressing upper bounds), each time introducing
one Or node together with an incoming and an outgoing edge. We apply the principle CreationImpl 24
times, namely 6 times per every dataDependency edge of T (or once per each of the occurring 24 implication
constraints expressing privateness of attributes), each time introducing one Or node together with an incoming
and an outgoing edge. We apply the principle DeletionPos 36 times, namely 6 times per feature (Method
or Attribute) of T (or six times per each of the occurring 6 positive constraint expressing lower bounds),
each time introducing one Or node together with an incoming and 5 outgoing edges. We apply the principle
DeletionImpl 24 times, namely 6 times per every dataDependency edge of T (or once per each of the
occurring 24 implication constraints expressing privateness of attributes), each time introducing one Or node
together with an incoming and an outgoing edge.

That the actual numbers are much lower than estimated by our proposition is due to a number of factors.
The most important one is that the squared maximal length (here: tmax = 6) is multiplied with the number
of constraints but in our example only 6 constraints are of length 6, whereas 24 are of length 2 and 90 are
of length 1. Moreover, the graphs in our considered constraints do not contain any isolated nodes; thus,
interaction principles are only triggered for the edges and never for nodes from T \ P . We expect both
these phenomena to occur frequently in applications and therefore the above proposition to regularly grossly
overestimate the size of the resulting activation diagram. ♢

For formally stating in which way activation diagrams capture the interaction of graph modifications and
the validity of constraints and, in particular, in which sense an activation diagram captures “repair actions”,
we first introduce two notions of how a graph can satisfy an ElementDecision node: either directly or its
consequences (regarding one interaction principle). Our formal result will be that if a graph directly satisfies
an ElementDecision node (i.e., contains or not contains the corresponding element) then it satisfies a given
constraint if and only if it also satisfies the consequences the corresponding interaction principle adds to the
ElementDecision node. In that sense, the consequences of the ElementDecision capture exactly the possible
“repair actions”. This will be a central ingredient for the correctness of our approach and its ability (under
certain circumstances) to simulate transformation sequences of the original rules.
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Definition 11 (Satisfaction of node or subgraph of activation diagram). Given a type graph TG, a finite
graph T typed over it, a problem graph P ⊆ T , a finite set C of constraints in Sub(T ⊇ P ) in normal form
according to Assumption 2, let ADT ⊇P,C be the corresponding activation diagram constructed according to
Construction 1. Let G ∈ Sub(T ⊇ P ) be a graph and let n be a node of ADT ⊇P,C . We say that G satisfies
n, denoted as G |= n, if

1. n is an ElementCreation node, corresponding to element x ∈ T \ P , and x ∈ G;

2. n is an ElementDeletion node, corresponding to element x ∈ T \ P , and x /∈ G;

3. n is an And node and for every node n′ ∈ ADT ⊇P,C such that there is an edge from n to n′ it holds
that G |= n′; or

4. n is an Or node and there exists a node n′ ∈ ADT ⊇P,C such that there is an edge from n to n′ and it
holds that G |= n′.

A graph G satisfies a subgraph W ⊆ ADT ⊇P,C , denoted as G |= W , if G satisfies every node of W , i.e., if
G |= x for all x ∈ VW . ♢

Via consequences of an ElementDecision node n with regard to a constraint c we refer to that part of an
activation diagram we have added to it to deal with the consequences for the validity of c of taking the
decision captured by n. As discussed before Definition 10, to make activation diagrams more compact, we
only trigger interaction principles for edges or isolated nodes from the graphs of the constraints and, for
non-isolated nodes, rely on the interaction principles triggered for their adjacent edge(s) to introduce the
necessary consequences. This makes the following definition slightly more technical as we therefore also have
to consider the ElementDecision nodes corresponding to these adjacent edges.
Definition 12 (Satisfaction of consequences of ElementDecision node with regard to constraint). Given
a type graph TG, a finite graph T typed over it, a problem graph P ⊆ T , a finite set C of constraints in
Sub(T ⊇ P ) and the corresponding activation diagram ADT ⊇P,C, we say that an ElementDecision node n
of ADT ⊇P,C interacts with constraint c ∈ C if n corresponds to an element x ∈ T \ P and either (i) n is an
ElementCreation node, x appears in a negative literal D of c and x is an edge or an isolated node of D or (ii)
n is an ElementDeletion node and x appears in a positive literal of c.

Given an ElementDecision node n and a constraint c with which n interacts, the consequences of n with
regard to c, denoted as post(n, c), are the subgraph of ADT ⊇P,C that is induced by the following nodes:

1. The node n belongs to Vpost(n,c).

2. If n is an ElementDeletion node corresponding to a node x ∈ T \ P that does not appear isolated in any
positive literal of the constraint c, all ElementDeletion nodes corresponding to edges e ∈ T \ P adjacent
to x and appearing in any positive literal of c belong to Vpost(n,c). (That is, ElementDeletion nodes that
n references via edges inserted in Step 3. of the construction of activation diagrams (Construction 1)
belong to Vpost(n,c).)

3. Since n interacts with c, constraint c triggers the application of an interaction principle during Step 4.
of the construction of ADT ⊇P,C . The nodes created by that application belong to Vpost(n,c).

We say that a graph G satisfies the consequences of n with regard to c if G satisfies the subgraph post(n, c)
of ADT ⊇P,C , i.e., if G |= post(n, c). ♢
Remark 10. Note that the kind of interaction principle that can be applied is uniquely determined by a given
node n of ADT ⊇P,C and the format of the constraint c. Either this interaction principle is directly applied to
n or, if n is an ElementDeletion node whose corresponding node x does not appear isolated in any positive
literal of c, the interaction principle is triggered for (at least) one edge adjacent to x. In the latter case,
this interaction principle (then either DeletionPos or DeletionImpl) might be applied several times,
for different such adjacent edges. However, each such application is structurally identical (i.e., while each
such application creates its distinct Or node and maybe And nodes, the structure and, in particular, the
referenced ElementDecision nodes are exactly the same). ♢
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Figure 34: Subgraph post(-C1, c) of ADT ⊇P,C for the constraint c requiring Method M1 to be assigned to one Class

Example 12. Figure 34 shows the subgraph post(-C1, c) of ADT ⊇P,C for the constraint c requiring Method
M1 to be assigned to one Class. A graph G ∈ Sub(T ⊇ P ) satisfies post(-C1, c) if it does not contain any of
the potential edges between Class C1 and a feature but contains one of the edges assigning Method M1 to
another Class. ♢

Theorem 5 (Activation diagrams capture interplay of graph modifications and validity of constraints).
Given a type graph TG, a finite graph T typed over it, a problem graph P ⊆ T , a finite set C of constraints
in Sub(T ⊇ P ) in normal form according to Assumption 2, let ADT ⊇P,C be the corresponding activation
diagram constructed according to Construction 1. Let G ∈ Sub(T ⊇ P ) be arbitrary and either (i) n be an
ElementCreation node n of ADT ⊇P,C, corresponding to some element x ∈ G \ P , and let c ∈ C be a constraint
such that x appears in a negative literal of c as edge or as isolated node, or (ii) n be an ElementDeletion node
n of ADT ⊇P,C, corresponding to some element x ∈ G \ P , and let c ∈ C be a constraint such that x appears
in a positive literal of c. Then it holds that if G satisfies n, then G satisfies c if and only if G satisfies the
consequences of n; i.e.,

G |= n =⇒
(
G |= c ⇐⇒ G |= post(n, c)

)
. ♢

For our construction of consistency-preserving VB rules in the next section, we need to formalise the
notion that deciding for one alternative at an Or node of an activation diagram necessitates further decisions.
Crucially, for each potential decision we just encode the direct consequences; in this way, when constructing
rules, we avoid the need to enumerate all paths through the activation diagram.

Definition 13 (Triggering of direct consequences). Given an activation diagram ADT ⊇P,C, we say that
an edge or i

j , starting at Or node Ori, directly triggers Or node Orl if there is a directed path e1; . . . ; ek in
ADT ⊇P,C such that e1 = or i

j , the target node of ek is Orl and none of the target nodes of e2, . . . , ek−1 is
an Or node. Analogously, we say that an ElementDecision node n directly triggers Or node Orl if there is a
directed path e1; . . . ; ek in ADT ⊇P,C such that n is the source node of e1, the target node of ek is Orl and
none of the target nodes of e1, . . . , ek−1 is an Or node. ♢

5. Deriving Non-Blocking Consistency-Preserving Rules

In this section, we derive non-blocking consistency-preserving variants for a given rule using activation
diagrams. The obvious idea is, given a rule, to use an activation diagram to transitively read off the
consequences of the rule’s actions and add these to the actions of the rule. This approach, however, has
two problems. First, in general, there are various ways to construct from a given rule a non-blocking
consistency-preserving one, as witnessed by the alternative options captured by Or nodes in an activation
diagram. Furthermore, deriving a non-blocking consistency-preserving rule from an activation diagram is
a complex task as one needs to find a set of non-contradictory choices (not selecting the ElementCreation
and the ElementDeletion node for the same element). Because of this, we follow a more sophisticated
approach. Instead of constructing an ordinary rule, we first construct a VB rule, referred to as consistency-
preserving variability-based extension, from the given rule and activation diagram. Those VB rule’s cross-tree
constraints Q and presence conditions capture, as propositional formulas, the different ways in which the
given rule can be amended to become consistency-preserving. Then, off-the-shelf SAT solvers can be used to
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compute instantiations of the VB rule, to which we refer as non-blocking consistency-preserving variants. To
recapitulate our workflow (compare also Fig. 1):

1. For a given category Sub(T ⊇ P ) and set of constraints C, we compute the activation diagram ADT ⊇P,C .

2. Given some ordinary rule p = L ⊇ K ⊆ R in Sub(T ⊇ P ), whose application might introduce
violations of some of the constraints from C, we use the activation diagram ADT ⊇P,C to read off the
consistency-preserving variability-based extension of p. This is a VB rule capturing the different ways
in which the actions of the originally given rule p can be amended in such a way that upon application
consistency with regard to the constraints of C is preserved.

3. The resulting consistency-preserving variability-based extension can be instantiated (see Definition 6)
to obtain non-blocking consistency-preserving variants of p. These are effect-oriented rules, each of
which captures a different way in which consistency-preservation can be achieved. In this way, we cater
for the fact that a diverse set of possibilities for consistency-preservation might exist.

4. Upon application of a non-blocking consistency-preserving variant of p, its induced rule is computed
according to the graph to which it is applied (see Definition 8). This caters for the fact that for each
graph G ∈ Sub(T ⊇ P ) to which the non-blocking consistency-preserving variant is applied, some of
the additionally performed actions (compared to p) might be unnecessary because G already contains
certain elements to be created or not contains certain elements to be deleted.

In this section, we detail the construction of consistency-preserving variability-based extensions of rules
and their non-blocking consistency-preserving variants, prove the correctness of our approach (i.e., that non-
blocking consistency-preserving variants are actually consistency-preserving), and prove certain completeness
results (that, for an instantiable combination of rule actions and constraints, we obtain a consistency-
preserving variability-based extension that is instantiable and that, for certain kinds of rules, we can simulate
application traces of original rules leading to valid instances via our non-blocking consistency-preserving
variants).

We start by constructing a consistency-preserving variability-based extension from a given rule and
an activation diagram. The elements of the feature model of the consistency-preserving variability-based
extension correspond to the Or nodes of the activation diagram and their outgoing edges (i.e., the alternative
ways they offer to preserve consistency). The cross-tree constraint Q of the feature model serves to (i) encode
paths, i.e., serves to ensure that when one alternative is chosen for an Or node, also the consequences of
that choice are dealt with, and (ii) avoid contradictory choices, i.e., serves to prevent that for the same
element the corresponding ElementCreation and ElementDeletion node are instantiated in the same variant.
By definition, the presence condition of a VB rule declares the conditions under which the available elements
are present in a specific instance of the VB rule. In our concrete application, the construction of this presence
condition is the crucial but also most complex step because there are different reasons for elements to be
present. Most basically, (i) an element can be present in a consistency-preserving variability-based extension
because it is present in the originally given rule that we want to amend. Centrally for our approach, (ii)
an element can be present in a consistency-preserving variability-based extension to preserve consistency
with regard to the given constraints. And, finally, (iii) an element can be present in a consistency-preserving
variability-based extension to complete it, i.e., to ensure that the rule actually consists of graphs. Concretely,
when a rule prescribes to delete an edge, its incident nodes also have to be present in the LHS (and possibly
also the interface) of the rule. To address all three cases, we construct our presence conditions as disjunctions
φorig ∨ φpres ∨ φgraph, where φorig encodes the presence of an element because of its presence in the original
rule, φpres encodes the presence of an element to preserve consistency, and φgraph encodes the presence of an
element to complete a graph. In the work of Horcas et al. [10], only case (ii) had to be considered because
their rules exclusively work on nodes and their given rules just create or delete one node.

Construction 2 (Consistency-preserving variability-based extension of rule). Let a type graph TG, graphs
P ⊆ T typed over it, a finite set C of constraints in Sub(T ⊇ P ) in normal form according to Assumption 2,
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and a rule p = (L ⊇ K ⊆ R) in Sub(T ⊇ P ) be given. Let ADT ⊇P,C be the activation diagram constructed
from T, P and C. The consistency-preserving variability-based extension of p, denoted as

vpC =
(
pC = (LC ⊇ KC ⊆ RC), fmC , b

L
C , b

K
C , b

R
C

)

is a VB rule that is constructed as follows:
• Construction of pC: Let L− ⊆ T be those elements of T whose corresponding ElementDeletion nodes in

ADT ⊇P,C stem from L or are (transitively) reachable in ADT ⊇P,C from an ElementDeletion node that
corresponds to an element from L \K or from an ElementCreation node that corresponds to an element
from R \K. Let L− be the set that consists of all nodes of T \ L that are adjacent to an edge e ∈ L−.
Let R+ ⊆ T be those elements of T whose corresponding ElementCreation nodes in ADT ⊇P,C stem from
R or are (transitively) reachable in ADT ⊇P,C from an ElementDeletion node that corresponds to an
element from L \K or from an ElementCreation node that corresponds to an element from R \K. With
this notation, the rule pC is defined as LC := L− ∪ L−, KC := K, and RC := R+.

• Construction of fmC (literals): The feature model fmC has as set of literals a root feature, one literal
Oi per Or-node of ADT ⊇P,C and, for each such node, one literal oi

j per outgoing edge in ADT ⊇P,C , i.e.,
a set

F := {root, O1, o
1
1, . . . , o

1
w1 , . . . , Ov, o

v
1, . . . , o

v
wv
},

where v denotes the number of Or nodes and wj the respective number of outgoing edges (for
j = 1, . . . , v). The parent–child relationship is defined via root < x for every other literal x and Oi < oi

j

for all i = 1, . . . , v and j = 1, . . . , wv. All literals Oi that correspond to Or nodes are optional children
of root and constitute Xor groups in case they have more than one child; otherwise, its single child is
mandatory.
We define the cross-tree constraints Q of fmC after we have further defined the rule.

• Construction of presence conditions: As explained above, we compute the presence conditions of
elements in three steps, i.e., for X ∈ {LC ,KC , RC}, we set

bX
C := φX

pres ∨ φX
orig ∨ φX

graph,

where the disjuncts φX
pres, φ

X
orig and φX

graph are defined separately. The disjuncts φpres capture that an
element has to be deleted resp. created to preserve the validity of constraints when applying the rule.
Furthermore, we need to ensure that together with an edge that is to be deleted, its adjacent nodes
are at least matched; the disjuncts φgraph serve that purpose. The disjuncts φorig just encode that an
element already belonged to the originally given rule p.
Definition of φX

pres: For KC , we set φKC
pres := false (which is equivalent to ¬root). Likewise, for elements

x ∈ L \K (resp. x ∈ R), we set φLC
pres(x) := false (resp. φRC

pres(x) := false).
For elements x ∈ LC \ (L \K) (resp. x ∈ RC \ R), φLC

pres and φRC
pres are constructed in the same way,

namely as follows: For every such element x, the condition φLC
pres(x) (resp. φRC

pres(x)) is a disjunction
with the disjuncts being the annotations of all incoming edges of its corresponding ElementDeletion node
(resp. ElementCreation node). In that, edges that start at And- or Or-nodes are annotated as explained
in Definition 10, whereas an edge that starts from an ElementDecision-node is annotated with that
node’s annotation (i.e., the disjunction of the annotations of that node’s incoming edges). (Note that
this definition is not cyclic because Definition 10 only introduces incoming edges for ElementDecision
nodes that start at Or and And nodes and in Construction 1, 2. and 3., we only introduce edges between
ElementDecision nodes of adjacent node and edge and only do so in one direction.)
Definition of φX

graph: For X ∈ {KC , RC}, we set φX
graph(x) := false; for LC, for all elements x that do

not stem from L− we set φLC
graph(x) := false. For a node n ∈ L− we set

φLC
graph(n) := ¬φLC

pres(n) ∧
∨

e∈T
e adjacent to n

φLC
pres(e).
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This condition evaluates to true if a node is not to be deleted to preserve validity but one of its adjacent
edges is.
Definition of φX

orig: We set φXC
orig(x) = true ⇐⇒ x ∈ X (which is equivalent to root) and false otherwise

for X ∈ {L,K,R}, i.e., φXC
orig just encodes membership in the originally given rule p.

• Construction of fmC (cross-tree constraints): The cross-tree constraint is a conjunction ψpath ∧ ψcons,
where ψpath encodes paths in the given activation diagram and ψcons prevents inconsistent choices of
features, i.e., choices that lead to the same element to be simultaneously created and deleted by a rule.
Concretely, ψpath is a conjunction where for every alternative oi

j that any Or node in the activation
diagram offers, we add as conjunct oi

j =⇒ Ok1 ∧ · · · ∧ Okr
, where Ok1 ∧ · · · ∧ Okr

are the Or
nodes in ADT ⊇P,C that oi

j directly triggers (see Definition 13). Moreover, we add the same kind
of constraint for the element root, where root spans all actions of the original rule, i.e., a conjunct
root =⇒ Ok1 ∧ · · · ∧ Okt , where Ok1 , . . . , Okt ranges over the Or nodes that are triggered by edges
leaving ElementDecision nodes corresponding to a node x from L \K or R \K. In the other direction,
for every Or node Oj that is not directly triggered by some ElementDecision node corresponding to one
of the actions of the original rule we add as a conjunct Oj =⇒ oi1

j1
∨ · · · ∨ ois

js
, where oi1

j1
, . . . , ois

js
are

those edges that directly trigger Oj .
Finally, ψcons is defined via

ψcons :=
∧

x∈(LC∩RC)

((
φLC

pres(x) =⇒ ¬(φRC
orig(x) ∨ φRC

pres(x))
)
∧

(
φRC

pres(x) =⇒ ¬((φLC
orig(x) ∧ ¬φKC

orig(x)) ∨ φLC
pres(x))

))
;

(3)

i.e., we require (i) that an element that needs to be deleted to preserve consistency is not simultaneously
created/required by the original rule or created to preserve consistency and (ii) that an element that
needs to be created to preserve consistency is not simultaneously deleted by the original rule or deleted
to preserve consistency. ♢

Example 13. We illustrate our construction of consistency-preserving variability-based extensions using rule
AddM1ToNewC2 (see Fig. 6a) as our starting point. The snippet of ADT ⊇P,C in Fig. 28 (compare Example 10)
shows the relevant consequences for the ElementCreation nodes +C2 and +eC2M1. In the following, we use
this to illustrate every step of our construction of the consistency-preserving variability-based extension
vpC =

(
pC = (LC ⊇ KC ⊆ RC), fmC , b

L
C , b

K
C , b

R
C

)
of AddM1ToNewC2 .

Construction of rule pC: For computation of the rule pC, we have to explore the ElementCreation and
ElementDeletion nodes that are reachable from ElementDecision nodes that correspond to actions of the given
rule. Thus, in our case, we have to explore the elements reachable from +C2 and +eC2M1. The reachable
ElementDeletion nodes are the nodes -eCjM1 and -eCjA1, where j = 1, . . . , 6, i.e., the nodes representing the
unassignments of A1 and M1 for every available Class Cj. Therefore, these edges, together with the node M1
which already belongs to L, constitute the set L−; the set L− contains all Classes and the node A1. Similarly,
the set R+ contains all edges between any Class Cj and M1 or A1, all Classes Cj and A1. The resulting rule is
shown in Fig. 35.

Literals of feature model fmC: The literals of the feature model fmC result from the Or nodes of ADT ⊇P,C ;
note that, because we only display a snippet, not all such nodes are present in Fig. 28. For instance, fmC
contains a feature O4, which is a direct child of root, and constitutes a Xor group with children o4

1, . . . , o4
5.

The snippet of the feature model that arises from Fig. 28 is shown in Fig. 36.
Presence conditions: By design of the rule AddM1ToNewC2 , we have that φLC

orig and φKC
orig evaluate to

true for M1 and false for every other element of T ; φRC
orig additionally evaluates to true for C2 and the

encapsulates-edge between C2 and M1.
More interestingly, φLC

pres and φRC
pres are constructed from the annotations of incoming edges in ADT ⊇P,C .

For instance φLC
pres(eC1M1) = o1

1 ∨ . . . , where the dots indicate annotations of incoming edges omitted in our
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Figure 35: Rule part of the consistency-preserving variability-based extension resulting in our example
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Figure 36: Snippet of the feature model of the consistency-preserving variability-based extension resulting in our example

snippet. (Every ElementCreation node +eCjM1, where j ̸= 1, has an Or node ORk with a single outgoing
edge ork

1 referencing -eC1M1.) Similarly, φRC
pres(eC6M1) = o2

5 ∨ . . . and φRC
pres(C6) = o2

5 ∨ o4
5 ∨ . . . . Note that

φRC
pres(eC2M1) = φRC

pres(C2) = false because these elements already belong to the RHS R of our original rule
AddM1ToNewC2 .

Finally, by definition, φX
graph evaluates to false for X = KC , RC, and also for X = LC, except for nodes

from L−. As seen above, here the set L− contains all Classes and the node A1. One can also check that
φLC

pres(n) = false for every n ∈ L−. Thus, in this example we have φLC
graph(n) = true ∧∨

e admissible φ
LC
pres(e),

where the admissible edges are all edges from T that are adjacent to n. For instance, we get φLC
graph(C1) =

φLC
pres(eC1M1) ∨ φLC

pres(eC1A1) ∨ · · · = o1
1 ∨ o3

1 ∨ . . . .
Cross-tree constraints: From the snippet of ADT ⊇P,C displayed in Fig. 28 we obtain, for instance,

o1
1 =⇒ O2 ∧O3, root =⇒ O1 ∧ . . . and O4 =⇒ o3

1 as conjuncts of ψpath.
Regarding ψcons, the edge assigning Method M1 to Class C2 is an example for an element appearing in

LC ∩RC (and where both corresponding ElementDecision nodes are displayed in our snippet of ADT ⊇P,C).
We have φLC

pres(eC2M1) = o6
1 ∨ . . . , φRC

orig(eC2M1) = true and φRC
pres(eC2M1) = φLC

orig(eC2M1) = φKC
orig(eC2M1) =

false. Thus, instantiating Eq. 3 with these values results in the conjunct

(o6
1 ∨ · · · =⇒ false) ∧ (false =⇒ ¬o6

1 ∨ . . . ).
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This effectively excludes o6
1 of ever being selected, which, in turn (via the path constraints), excludes o2

2 of
ever being selected (and so forth). ♢

From the consistency-preserving variability-based extensions of rules that we just constructed, we can
instantiate variants as introduced in Definition 6. We interpret such a variant as an effect-oriented rule by
letting the originally given rule be the base rule, an induced variant be the maximal rule, and the context
extension be given by those nodes that were just added to the LHS of the induced variant such that it
constitutes a graph.

Definition 14 (Non-blocking consistency-preserving variant). Let a type graph TG, graphs P ⊆ T typed
over it, a finite set C of constraints in Sub(T ⊇ P ) in normal form according to Assumption 2, and a rule
p = (L ⊇ K ⊆ R) in Sub(T ⊇ P ) be given. Let ADT ⊇P,C be the activation diagram constructed from
T and C and let vpC be the consistency-preserving variability-based extension of p. Then, a non-blocking
consistency-preserving variant of p is an effect-oriented rule, denoted as

vpF
C,e :=

(
p, pF

C,m = (LF
C,m ⊇ KF

C,m ⊆ RF
C,m), kF

ext
)

that has been obtained as follows: The rule p is the originally given rule, the set F ⊆ F is a valid configuration
of fmC and pF

C,m its induced variant, and kF
ext : KF

C,m → KF
m, where KF

m is the union of KF
C,m with those

elements of L− for which φLC
graph evaluates to true but which are not created by the original rule p, i.e., those

elements n ∈ L− for which
χF |= φLC

graph(n) ∧ ¬φRC
orig. (4)

♢
Example 14. In our running example of deriving a consistency-preserving variant for AddM1ToNewC2 ,
there is only one valid configuration of the feature model of the consistency-preserving variability-based
extension of that rule: First, we have to select root by definition of configurations. The path constraints then
force us to select O1 ,O2 ,O3 ,O4 (and the features corresponding to the Or nodes omitted in Fig. 28 that
trigger the deletion of the edges assigning M1 to other Classes than C2). Regarding O1 and O3, we have
to select their only children o1

1 and o3
1, respectively. Regarding O2, the cross-tree constraints ensure that

o2
1 is the only child that can be selected (because every other child would trigger the deletion of the edge

eC2M1). Similarly, o4
1 is the only selectable child of O4 because every other choice would first trigger the

assignment of M1 to another Class besides C2 and consequently, by path constraints, the deletion of eC2M1,
which is excluded by ψcons. Moreover, the choice of o4

1 necessitates choices that trigger the deletion of all
edges assigning A1 to other Classes than C2 (omitted in Fig. 28).

The overall resulting rule is shown in Fig. 37. The rule is applicable if Class C2 does not exist; in this
case, it creates this Class and assigns Method M1 to it. Moreover, it also assigns Attribute A1 to C2 and
removes M1 and A1 from every other Class they might be assigned to. For this, these Classes are part of the
context extension of the rule, ensuring that such a Class is only part of the induced rule if an outgoing edge
exists that has to be deleted. In this way, it is ensured that the rule remains applicable to graphs in which
some of these Classes do not exist. ♢

After defining consistency-preserving variability-based extension of rules and their non-blocking consistency-
preserving variants formally, the rest of this section is concerned with proving the properties of these kinds
of rules. In particular, we prove that (i) non-blocking consistency-preserving variants indeed constitute
rules; (ii) non-blocking consistency-preserving variants extend the originally given rule in the sense that they
are always applicable when the original rule is and perform at least the actions performed by the original
rule; (iii) non-blocking consistency-preserving variants indeed preserve consistency; (iv) the consistency-p-
reserving variability-based extension of a rule is complete in the sense that whenever this rule specifies a
coherent set of actions, its consistency-preserving variability-based extension has a non-empty set of instances;
and (v) under appropriate circumstances (namely given atomic rules that only create or delete a single
element), the consistency-preserving variability-based extensions of a given set of rules are even complete in
the sense that their non-blocking consistency-preserving variants can simulate all transformation sequences
via the originally given rules that end in valid graphs.
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Figure 37: Non-blocking consistency-preserving variant for AddM1ToNewC2

Proposition 6 (Consistency-preserving rules are effect-oriented rules). Let a type graph TG, graphs P ⊆ T
typed over it, a finite set C of constraints in Sub(T ⊇ P ) in normal form according to Assumption 2, and a
rule p = (L ⊇ K ⊆ R) in Sub(T ⊇ P ) be given. Let ADT ⊇P,C be the activation diagram constructed from T
and C, let vpC be the consistency-preserving variability-based extension of p and vpF

C,e a consistency-preserving
variant of p, induced by some valid configuration F . Then, vpF

C,e is an effect-oriented rule in the sense of
Definition 7. ♢

Having ascertained that our construction actually produces effect-oriented rules, we next clarify that
the induced consistency-preserving variants of a rule still have the same matches as their original rule, i.e.,
they are indeed non-blocking. Moreover, their applications do not alter the problem graph P but only affect
elements from T \ P .

Lemma 7 (Applicability of consistency-preserving rules). Let a type graph TG, graphs P ⊆ T typed over it, a
finite set C of constraints in Sub(T ⊇ P ) in normal form according to Assumption 2, a rule p = (L ⊇ K ⊆ R)
in Sub(T ⊇ P ), and some match m : L ⊆ G for it be given. Then, any consistency-preserving variant
vpF

C,e of p is applicable to G, i.e., there is an effect-oriented transformation (in the sense of Definition 8)
tind : G =⇒vpF

C,e
H via the induced rule pF,G

C,ind =
(
LF,G

C,ind ⊇ K
F,G
C,ind ⊆ R

F,G
C,ind

)
.

Moreover, it holds that LF,G
C,ind \K

F,G
C,ind ⊆ (T \ P ) and RF,G

C,ind \K
F,G
C,ind ⊆ (T \ P ), i.e., the transformation

tind only creates and deletes elements from T \ P , respectively (compare Assumption 2). Furthermore, for
any x ∈ LF,G

C,ind for which χF |= φLC
graph(x) (i.e., for any node that is just part of the LHS to complete it to
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constitute a graph), it holds that the induced rule does not delete that element, i.e., x ∈ KF,G
C,ind. ♢

The following theorem is our central result, showing that applications of our constructed consistency-
preserving variants of a rule p transform consistent graphs (satisfying all given constraints) into consistent
graphs; i.e., these rules are indeed consistency-preserving.

Theorem 8 (Correctness of consistency-preserving rules). Let a type graph TG, a graph T typed over
it, a finite set C of constraints in Sub(T ⊇ P ) in normal form according to Assumption 2, and a rule
p = (L ⊇ K ⊆ R) in Sub(T ⊇ P ) be given. Let ADT ⊇P,C be the activation diagram constructed from T
and C, let vpC be the consistency-preserving variability-based extension of p and let vpF

C,e be any consistency-
preserving variant of p, induced by some valid configuration F of fmC.

Then, for every graph G ∈ Sub(T ⊇ P ) such that G |= C, if there is an effect-oriented transformation
t : G =⇒vpF

C,e
H, it also holds that H |= C. ♢

Remark 11. The consistency-preserving rules that we construct even enjoy a somewhat stronger property:
They actually guarantee consistency with regard to every constraint with which they interact upon application,
i.e., with every constraint that positively quantifies an element that the rule deletes or that negatively quantifies
an element that the rule creates. For such actions, potential remedies are captured by the activation diagram
and thus performed by our constructed rules. Thus, applications of consistency-preserving rules may also
repair formerly violated constraints.

Conversely, this is why we need to assume a consistent graph G, i.e., a graph G such that G |= C, in
the statement of the above theorem. Given a graph G, a constraint c such that G ⊭ c and a rule p that
principally cannot render c invalid (because it neither creates elements forbidden by c nor deletes elements
required by c), then for consistency-preserving variants vpF

C,e of p applicable to G there is no guarantee that
they transform G into a graph satisfying c. ♢

The above theorem clarifies that every application of a consistency-preserving rule is indeed consistency-
preserving; however, existence of such rules remains unclear. By definition, given a rule p, the number
of consistency-preserving variants we can derive for p corresponds to the number of valid configurations
F of the feature model fmC of the consistency-preserving variability-based extension

(
pC = (LC ⊇ KC ⊆

RC), fmC , b
L
C , b

K
C , b

R
C

)
of p. While we cannot exclude that different valid configurations induce the same

consistency-preserving rule, existence of a valid configuration guarantees existence of a consistency-preserving
rule.

It is easy to see that such valid configurations do not need to exist; however, this only happens if the
given constraints are conflicting or if the actions of the given rule are such that a certain constraint cannot
be valid after these have been performed. For instance, given a positive constraint c = ∃C1 and a rule p that
deletes an element x of C1 it is clear after every transformation G =⇒p H that H ⊭ c. Thus, to render p
validity-preserving, we would have to revert the deletion of x. We consciously exclude this possibility by our
cross-tree constraints to ensure that the action of the given rule remains preserved.

In the next proposition, we give a sufficient criterion for the existence of a validity-preserving rules: The
given set of constraints is satisfiable and compatible with the actions of the given rule. To express this
formally, we first express the actions of a rule as constraints (that express that the elements that the rule
deletes do not exist but that the ones it creates exist).

Definition 15 (Rule constraint). Given a rule p = L ⊇ K ⊆ R in Sub(T ⊇ P ), its rule constraint cp is the
constraint

∃R ∧ cL, (5)

where

cL = ¬


 ∨

x∈L\K

∃ x̂


 , (6)

where, in case x is a node, x̂ = x, and, in case x is an edge, x̂ is the graph containing also x’s adjacent
edges. ♢
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Theorem 9 (Existence of consistency-preserving rules). Let a type graph TG, graphs P ⊆ T typed over
it, a finite set C of constraints in Sub(T ⊇ P ) in normal form according to Assumption 2, and a rule
p = (L ⊇ K ⊆ R) in Sub(T ⊇ P ) be given. Let ADT ⊇P,C be the activation diagram constructed from T and
C and let vpC be the consistency-preserving variability-based extension of p.

If there exists some graph E ∈ Sub(T ⊇ P ) such that E |= C ∧ cp, where cp is the rule constraint of
p, then there exists some valid configuration F of fmC; in particular, there exists a consistency-preserving
variant vpF

C,e of p. Moreover, this variant can be constructed in such a way that E |= cvpF
C,e

, where cvpF
C,e

is
the rule constraint of vpF

C,e. ♢
Remark 12. While the above result provides guarantees under which a consistency-preserving variability-based
extension of some rule can be instantiated, it does not provide any bound on the number of existing variants
of such a rule (comparable to Proposition 4 where we provide such bounds for the size of activation diagrams).
Trivially, the number of rules is in O(2|T \P |), because the graphs constituting the rules are determined by
subsets of T \ P .

In Example 14, quite favourably, there was a single variant of our constructed consistency-preserving
variability-based extension of AddM1ToNewC2 . This, however, is due to the fact that the constraints of the
CRA problem heavily constrain the structure of valid solutions (every Feature is assigned to exactly one
Class and Attributes are assigned together with Methods depending on them).

Generally, the problem for counting the number of variants more precisely and, in particular, guaranteeing
a low upper bound, is that this number primarily rests on the number of satisfiable assignments of the presence
conditions of the consistency-preserving variability-based extension. Counting the number of satisfying
assignments to a formula from propositional logic is a well-known #P hard problem [44], and we did not
observe any structure that would make the problem tractable in our special case.

While this means that the number of instantiable rules might grow exponentially, this does not need
to pose a problem in practice. First of all, note that we derive exactly one VB rule per originally given
rule; typically, the number of given rules can be restricted to 2|T \ P | (having for each element one rule
creating and one rule deleting it). This means, the exponential growth, if present, is encoded into the VB
rules, of which there is only a number linear in |T \ P |. Then, it might not be necessary to compute all
possible instantiations of each VB rules. In their application, for instance, Horcas et al. [10] just computed
at most one consistency-preserving configuration operator per feature decision (and not all possible ones)
and still obtained excellent results when solving feature configuration problems with these rule sets. We
expect that computing a small number of rules, maybe recomputing additional ones one the fly when the
need becomes somehow apparent, will suffice for many applications, at least for metaheuristic approaches to
solving optimisation problems. ♢

Finally, we are interested in investigating in how far our consistency-preserving rules are able to simulate
transformation sequences of their underlying original rules. That is, given a set of constraints C and a set of
rules R in Sub(T ⊇ P ) and a transformation sequence G =⇒∗

R H such that H |= C, does there also exist
a transformation sequence G =⇒∗

Rcp
H, where Rcp denotes the set of consistency-preserving rules derived

from R?
In general, unfortunately, this is not the case. The underlying cause for this is our design decision to

construct non-blocking consistency-preserving rules in such a way that the actions of the underlying rule are
preserved, i.e., it remains a subrule of the constructed rule (by combination of Propositions 6 and 2). To
illustrate this phenomenon in a minimal setting, we do not use the CRA problem in the following example
but use untyped graphs. In the example, nodes of graphs are drawn as black dots, indices of these dots are
used as identifiers (also implicitly defining the inclusions) and we do not need to make any use of edges.

Example 15. Let G =
1

be a graph, C = {∃
1
∨ ∃

3
} a set consisting of a single constraint and R =

{p1, p2} a set of two rules with p1 = (
1
⊇ ∅ ⊆

2
) and p2 = (

2
⊇

2
⊆

2 3 4
), where T contains

1 2 3 4
and P = ∅. Then, there is a transformation G =

1
=⇒p1 2

=⇒p2 2 3 4
= H and

H |= C. Computing our consistency-preserving rules in this situation will result in pcp
1 =

1
⊇ ∅ ⊆

2 3
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and pcp
2 = p2. Now, G =⇒pcp

1 2 3
= H ′ ̸= H but pcp

2 is not applicable to H ′ (because
3

already exists)

and one also cannot derive H from G by switching the transformation order. ♢
The problem in the above example is that, to derive our desired result, we need to apply a rule whose

actions have been partially pre-empted by an action that was already performed to preserve consistency.
While a fine-grained analysis of this situation remains future work, it is easy to see that it is unproblematic
as long as the actions performed by the originally given rules are fine-grained enough in the sense that they
only create or delete a single element. We call such rules atomic.

Definition 16 (Atomic rule). A transformation rule p in Sub(T ⊇ P ) is atomic if it only creates or deletes
a single element and has minimal context for that purpose. That is, an atomic rule that deletes a node
x ∈ T has x as LHS and empty RHS and interface; an atomic rule that deletes an edge x ∈ T has x and its
adjacent nodes as LHS and the adjacent nodes as RHS and interface. For creation, the situation is analogous.
For x ∈ T , we denote its atomic creation rule as at+

x and its atomic deletion rule as at−
x . ♢

Theorem 10 (Simulating transformation sequences). Let a type graph TG, a graph T typed over it, a finite
set C of constraints in Sub(T ⊇ P ) in normal form according to Assumption 2, and a set of rules R in
Sub(T ⊇ P ) be given. Let ADT ⊇P,C be the activation diagram constructed from T and C and let Rcp be the
set of consistency-preserving variability-based extensions of rules p ∈ R.

Given a transformation sequence G =⇒∗
R H in Sub(T ⊇ P ) such that H |= C, if at−

x ∈ R for all
x ∈ T \H and at+

x ∈ R for all x ∈ H \G, then there also exists a transformation sequence G =⇒∗
Rcp

H. ♢
Remark 13. While the restriction to atomic rules is a serious restriction in general, it is not for our desired
application in model-driven optimisation, computing solutions to selection problems. In that setting, we can
easily start with atomic rules, namely the set of rules that for each element of T \ P contains a rule creating
that element and one deleting it (in fact, this is also the set of rules that Horcas et al. [10] use as basis to
derive their consistency-preserving configuration operators for efficient product line configuration). Then,
the above theorem is a kind of completeness result, guaranteeing that from every feasible solution all other
feasible solutions can be reached via our consistency-preserving variants. Here, the real restriction is rather
the number of rules: The theorem is not guaranteed to hold if not all consistency-preserving variants are
computed, which might not be possible for practical reasons (as already discussed above in Remark 12). ♢

6. Related Work

We begin our discussion of related work by considering some related notions of graph consistency, before
discussing existing approaches for generating consistency-preserving (or even -improving) graph-transformation
rules. Finally, we briefly touch on some related concepts from the SAT-solving literature.

6.1. Graph consistency
Our paper is concerned with producing graph-transformation rules that preserve the validity of a graph

with respect to a set of constraints. We, therefore, briefly discuss related work discussing what it means for a
graph to be consistent and how this affects desirable properties of graph transformations and transformation
rules.

A large part of the literature considers graph consistency as a binary property: a graph G is either
consistent with graph constraint c (there are no violations) or it is not. This leads to notions of c-preserving
and c-guaranteeing transformations [11], which focus on the full validity of the result graphs.

However, in many practical applications we require a more graduated notion of consistency, where the
number of locations in a graph where a constraint is violated is used to differentiate degrees of consistency.
Following this perspective, we have previously [9] introduced the concepts of consistency-sustaining and
improving transformations and rules, which are conceptually located properly in between c-preserving and
-guaranteeing transformations. These new forms of transformations make the gradual improvements in
consistency explicit. Work on partial graphs as in, e.g. [45], investigates the validity of constraints in families
of graphs which is not our focus here and therefore, not further considered.
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Important related work on graph repair (when consistency is viewed as a binary property) has been
undertaken by Schneider et al. [46], who develop a correct and complete repair algorithm. In contrast to
our work here, they repair individual graphs whereas we derive non-blocking consistency-preserving rules
(which might be used for graph repair); moreover, they work in the category of attributed typed graphs
whereas we work in the finite setting of a category of subgraphs Sub(T ⊇ P ). However, (the structural part
of) their repair approach is based on a tableau calculus, where branches represent different options to fulfil a
constraint and, by that, capture information that is akin to the information we capture in our activation
diagrams. A more detailed future comparison thus might help in extending our approach to the more general
setting of a category of typed graphs.

6.2. Consistency-preserving rules
Different strategies have been explored for generating consistency-preserving rules given graph constraints.

One of the easiest ways of ensuring that all applications of a graph transformation rule will be consistency-
preserving is to incorporate them as suitable application conditions into the transformation rules [11]. The
rules are only applicable if the result of the transformation satisfies the constraint. This approach starts
with [8] for graphs and a restricted kind of constraints and has been lifted to general nested constraints
(which are equivalent to a first-order logic in the case of graphs) in arbitrary weak adhesive categories [11].
The process can be fully automated and is implemented, integrating nested graph constraints, or constraints
defined in OCL, as application condition into Henshin [37] transformation rules [16, 6, 7]. However, there are
two weaknesses: First, rule applicability can be severely restricted by the constructed application conditions,
potentially even making the rule entirely inapplicable in the worst case. Secondly, rules that preserve validity
throughout can lack flexibility in some applications.

Another approach is to design the actions of rules in such a way that they cannot introduce violations of
constraints. In [5] the authors provide a framework to check if a transformation rule can introduce a violation
of a given constraint. If this is the case, the user is provided with an example for such a violation to adapt
the rule accordingly. Going one step further towards automation, Burdusel et al. [13] present techniques for
generating multiplicity-preserving rules from a given type graph; however, they do not provide any proofs of
completeness or correctness. Similarly, in [4], the authors derive editing rules in such a way that they cannot
introduce violations of multiplicity constraints. In [3], Kosiol et al. construct so-called interaction schemes
from rules and constraints, such that the resulting rules are consistency-preserving or even -improving.

Our approach goes beyond the existing literature in that we can handle more general constraints (in
particular, we are able to handle multiplicity constraints), though we are unique in the formalisation based
on subgraph transformation systems. Kosiol et al. [3] perhaps comes closest to our work. Their work handles
constraints of the form ∀ (P,∃C), where P ⊆ C. The approach is not able to handle transitive effects (if
creating C creates a new instance of P ) but otherwise, P can be arbitrary. Our activation diagrams naturally
address transitive effects, however our approach is restricted to cases where the first graph in an implication
consists of a single node or edge (with its adjacent nodes). Hence, it may be possible to construct examples
that [3] can handle and we cannot.

Somewhat orthogonally to these works, Ficsor et al. recently introduced an approach to “differentiate”
graph predicates to derive propagation rules that can be used to refine partial models [47]. In their setting,
they use a 4-valued logic to express that the existence of certain model elements and relations is as of yet
unknown. From well-formedness constraints they derive propagation rules that reduce the uncertainty of
partial models by fixing the (non-)existence of such elements or relations. Similar to our approach here,
these rules are automatically derived from the constraints in such a way that (non-)existence of an element
is ensured if otherwise the constraint would be violated. In contrast, they are not computed to augment
actions of a given rule to render it consistency-preserving but rather to monitor a partial model and reduce
uncertainty as soon as it is clear that certain decisions are unavoidable to achieve consistency with regard
to a given constraint. Ficsor et al. also prove soundness and completeness of their approach. However,
completeness in their setting does not mean that all well-formed models can be reached via their rules but
rather that after an application of one of their rules, the resulting partial model can still be refined to any
complete well-formed model to which the original partial model could have been refined (where refinement
generally refers to the resolving of uncertainty).
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In contrast to approaches that try to preserve consistency throughout transformation processes, other
approaches allow for intermediate violations of constraints and restore consistency at some point—often
referred to as ‘model repair’ in the literature. For example, in [2], rules that allow to repair arbitrary
violations of multiplicity constraints are derived from a given meta-model. Habel and Sandmann [1] derive
rules from nested graph constraints that allow to repair occurring violations of the constraints. Our approach
targets consistency-preserving transformation rules. Rules that improve consistency are out of scope of our
work at the moment.

6.3. Implication graphs in SAT solving
SAT solving is the problem of allocating truth values to a set of Boolean variables such that a given

formula using these variables evaluates to true (or identifying that the given formula is not satisfiable; that
is, that no such assignment exists).

While the overall SAT-solving problem is NP-complete [48], the so-called 2-SAT problem (where the
disjunctions in a CNF-formulation of the problem are allowed only a maximum of two literals) can be solved in
polynomial time. One early strategy here was to translate the problem into an implication graph [49], where
nodes represent negative and positive assignments to each variable, and edges represent direct consequences.
This is structurally similar to our activation diagrams, which also use nodes to encode positive and negative
choices about the presence of individual elements of a graph. However, our activation diagrams provide
a richer encoding as we also allow ‘or’- and ‘and’-nodes to encode more complex dependencies between
individual choices. Critically, like Aspvall et al’s implication graphs [49], we do not encode consequences of
groups of choices; that is each edge only starts at a single literal.

General SAT solvers use implication graphs as part of a strategy called ‘clause learning’ [50]. These
implication graphs, however, differ significantly from our activation diagrams [50, Definition 4]: while nodes
still represent individual literals, edges are annotated with sets of clauses that link these literals. The
implication graphs are used to identify the source of a conflict found during resolution and to calculate an
efficient way in which to reset the currently maintained valuation of variables to a point that avoids the
conflict.

In both forms of implication graphs, the primary interest is in finding a solution, not in identifying the
transformations that lead from one solution to another. There are results showing how the set of all solutions
to a 2-SAT problem can be captured by a so-called median graph, where nodes are solutions and edges
possible transformations from one solution to another [51, Proposition 2.5]. It would be interesting to explore
how this encoding relates to our encoding using VB rules and if this can be used to make our approach more
efficient.

7. Conclusion

Building on [10], we have presented a generalised formal framework for generating graph-transformation
rules that apply a particular change to a graph and ensure no additional constraint-violations are created as
a result—the rules preserve consistency (Theorem 8). Importantly, our rules remain applicable wherever
the original rule was applicable—they are non-blocking rules (Lemma 7)—different from related work that
generates (negative) application conditions to avoid rule applications that would introduce new constraint
violations.

Our formalisation is based on subgraph transformation systems [25, 26], which are convenient for
deriving the activation diagrams that are central to our approach. We have introduced the notion of selection
problems, which match this condition, and have shown that this encompasses numerous problems of real-world
significance.

Deriving rules via activation diagrams and encoding them as variability-based rules (VB rules) correctly
ensures that the rules are consistency-preserving (Theorem 8) and ensures that, at least when the given rules
are atomic, every possible consistent graph can be reached from a consistent starting point (Theorem 10).
The compact encoding also means that these rules can be computed tractably (Proposition 4).
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Future work. The trick to achieve tractable computability is a degree of over-estimation of the repairs needed.
As a result, the VB rules we derive may cover multiple identical instance rules (that are simply reached by
different configurations of the feature model in the VB rule). In [10], we addressed this challenge through
several additional optimisations of the VB rule encoding, avoiding self-activating repair cycles in the rule
and ensuring consistent choices in different parts of the activation diagram. We leave the generalisation of
such symmetry-breaking [52] optimisations for future work.

Another optimisation concerns the form of the rules we generate. Currently, our rules explicitly enumerate
all possible ways in which a constraint-violation can be repaired. For example, for a minimum-multiplicity
constraint, the deletion of an edge requires adding an edge to another node (possibly creating that node in
the process). Our VB rules would explicitly enumerate all possible edges that could be created in this case.
We need to create different instantiations of the VB rule to be able to explore different choices of edge; each
of the instantiated rules would match exactly one edge. For future work, we are interested to study whether
it is possible to shift this from the instantiation of the VB rule to the time when matches are computed
for the rule. This way, there would be only one instantiated rule, which can match all possible edges to
create (similar to the bespoke rules constructed in [13]). To do this, we would have to identify patterns in
the activation diagram so these can be more compactly encoded in the resulting rules. It is an open research
question whether this can be done efficiently.

This is related to another limitation of our current work: the specificity vs generality of the rules we
generate. Both in [10] and the present paper, the rules we generate are specific to T ; if a new graph is
given—even if everything else stays the same—we need to regenerate the rules. Other works (e.g., [13])
produce rules that can be used for arbitrary instances of the same problem. We should investigate whether
(under what circumstances) it is possible to extend our approach to generate such more abstract rules.

Solving these two challenges should also pave the way for dealing with search spaces of infinite size
instead of subgraphs of a container graph T . Naturally, our approach cannot be arbitrarily generalised to the
category of typed graphs—after all, satisfiability of nested constraints is well-known to be undecidable in
that category [11]. Still, in our running example for instance, the obtained activation diagram is completely
symmetrical for the different elements of the same type. We plan to investigate in how far we can exploit
such symmetries to obtain a more general approach and reduce the overall size of the activation diagram.
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Figure A.38: A type graph for feature models

Appendix A. Comparison to consistency-preserving configuration operators

In this section, we compare our interaction principles (Definition 10) to the activation and deactivation
principles of Horcas et al. [10]. Horcas et al. exclusively work on feature models, which we introduced in
Sect. 3.4 (Definition 5). We start by presenting how the problem of feature selection can be cast in our
framework, i.e., be presented as a category Sub(T ⊇ P ) (Appendix A.1), and subsequently perform the
actual comparison (Appendix A.2).

Appendix A.1. Formalising feature selection via subgraph transformation systems
For casting the problem of feature selection in the setting of this paper, i.e., as a category Sub(T ⊇ P ),

we first have to provide a suitable type graph TG. Figure A.38 presents our solution, where we make the
following design decisions and use the following conventions: We use node types to distinguish between the
different kinds of features, namely plain Features, Xor-Features and Or-Features. Xor-Features and Or-Features
indicate that their children constitute a xor-group or an or-group, respectively. To model the parent–child
relationships, we use graph edges; a dedicated edge type mand-child can mark mandatory children. To not
clutter the figure, we sometimes draw two edges as a single one, separating the two types via a comma;
similarly, the bidirectional child-edge between Xor-Feature and Or-Feature represents two edges—one in every
direction. The edges of type active serve to enable expressing that a feature has been selected as part of a
configuration. Analogous to our visual syntax for the CRA problem, drawing these edges dashed and blue
indicates that edges of this type are the variable parts of models (enabling the computation of configurations),
whereas all other types, depicted solid and in black, serve to model “problems”, i.e., plain feature diagrams.

Figure A.39 shows the Mobile Media feature diagram from above (Fig. 13) as a graph typed over the
type graph TG from Fig. A.38. We omit the cross-tree constraint in that figure and (to avoid cluttering
the diagram) use the visual notation from Fig. 13 to distinguish between mandatory and other children.
Moreover, we abbreviate some of the names. Because we have included all possible edges of type active, the
graph from Fig. A.39 can serve as container graph T when expressing the feature selection problem for the
Mobile Media example in our formal framework. The problem graph P is the subgraph consisting of all solid,
black elements, i.e., consisting of all elements except for the edges of type active. In this way, configurations
F of the Mobile Media feature model correspond to graphs G ∈ Sub(T ⊇ P ), mediated by the presence or
absence of the active-edge.

In the following, we show how the six properties of valid configurations (see Definition 5) can be expressed
as constraints in our framework. For most cases, we first show how the property can be expressed as nested
constraint over the type graph from Fig. A.38 (i.e., as a constraint on objects in Graphfin

TG) and then
exemplify how this is instantiated to the Mobile Media case, i.e., to Sub(T ⊇ P ) as just introduced.

CRoot. The property CRoot, requiring the root feature to be part of every valid configuration F , can
be generically expressed as nested constraint over TG that requires exactly one feature without incoming

48



MobileMedia:Feature

MedSel:Or-Feature MedMan:Feature ScrSize:Xor-Feature

Photo:Feature Music:Feature Video:Feature Favs:Feature CopyMed:Feature SMSTr:Feature Scr1:Feature Scr2:Feature Scr3:Feature

SetFavs:Feature ViewFavs:Feature RecPhoto:Feature SendPhoto:Feature

active
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active

Figure A.39: Feature diagram of Mobile Media, displayed as graph typed over the type graph from Fig. A.38 (omitting the
cross-tree constraint)

∃ MobileMedia:Feature
active

Figure A.40: Property CRoot instantiated for the Mobile Media example

child-edge to be active. In this case, however, because the root node of a given feature diagram is known,
directly defining this constraint in Sub(T ⊇ P ) is easy. In the Mobile Media example, one just requires the
node MobileMedia to be active. This constraint is shown in Fig. A.40.

CPar. In Graphfin
TG, the property CPar, requiring that together with a child its parent feature is activated,

can be expressed as indicated in Fig. A.41. To completely express CPar, we have to build a conjunction of
such constraints that consider every allowed combination of kinds of features (Feature, Or-Feature, Xor-Feature)
and edge kind (child, mand-child).

When instantiating and normalising these constraints for the Mobile Media example according to the
procedures developed in [27] (such that we gain constraints meeting Assumption 1), for every child and every
mand-child edge, we obtain a constraint like the one displayed in Fig. A.42 for the case of the mand-child
edge between Favs and SetFavs. (Strictly speaking, the constraint shown in Fig. A.42 is not an instantiation
of the one shown in Fig. A.41 but of one that is analogous to this but concerns edges of type mand-child.)
Note that the structure of the result of this instantiation is not specific to the Mobile Media example: For
every feature model, for every edge of type mand-child or child we will obtain a constraint in implication
format completely analogous to the one in Fig. A.42, just that the source and target nodes of the mand-child-
or child-edge might also be of types Or-Feature or Xor-Feature.

CMand. In Graphfin
TG, the property CMand, requiring that together with a parent feature its mandatory

children are activated, can be expressed as indicated in Fig. A.43. To completely express CMand, we have
to build a conjunction of such constraints that consider every allowed kind of target node for the edge kind
mand-child, i.e., we add analogous constraints with Or-Feature and Xor-Feature as target node as conjuncts.

∀




f1:Feature

f2:Feature

child

active

C1

, ∃

f1:Feature

f2:Feature

child

active

activeC2




Figure A.41: Property CPar (for ordinary Features and ordinary child-edges) as constraint in Graphfin
TG
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∃

Favs:Feature

SetFavs:Feature

mand-child

active

D

=⇒ ∃

Favs:Feature

SetFavs:Feature

mand-child

active

activeB

Figure A.42: Instantiation of CPar for Feature SetFavs and its incoming edge from the Mobile Media example

∀




f1:Feature

f2:Feature

mand-child

activeC1

, ∃

f1:Feature

f2:Feature

mand-child

active

activeC2




Figure A.43: Property CMand (for ordinary Features as target nodes) as constraint in Graphfin
TG

When instantiating and normalising these constraints for the Mobile Media example according to the
procedures developed in [27] (such that we gain constraints meeting Assumption 1), for every mand-child edge,
we obtain a constraint like the one displayed in Fig. A.44 for the case of the mand-child edge between Favs and
SetFavs. Again, the structure of the result of this instantiation is not specific to the Mobile Media example:
For every feature model, for every edge of type mand-child we will obtain a constraint in implication format
completely analogous to the one in Fig. A.44, just that the source and target nodes of the mand-child-edge
might also be of types Or-Feature or Xor-Feature.

COr. In Graphfin
TG, the property COr, requiring that together with an Or-Feature one of its child features

is activated, can be expressed as displayed in Fig. A.45; note that the child feature to be activated can be of
types Feature, Xor-Feature or Or-Feature.

When instantiating and normalising this constraint for the Mobile Media example according to the
procedures developed in [27] (such that we gain constraints meeting Assumption 1), we obtain the constraint
displayed in Fig. A.46, because MediaSelection is the only Or-Feature. Again, the structure of the result
of this instantiation is not specific to the Mobile Media example: For every feature model, for every node
of type Or-Feature we will obtain a constraint in implication format completely analogous to the one in

∃
Favs:Feature

SetFavs:Feature

mand-child

activeD

=⇒ ∃
Favs:Feature

SetFavs:Feature

mand-child

active

activeB

Figure A.44: Instantiation of CMand for the mand-child edge between Favs and SetFavs

50



∀




f1:Or-Feature
activeC1 , ∃

f1:Or-Feature

f2:Feature

child

active

activeC1
2

∨ ∃
f1:Or-Feature

f2:Xor-Feature

child
active

activeC2
2

∨ ∃
f1:Or-Feature

f2:Or-Feature

child
active

activeC3
2




Figure A.45: Property COr

∃
MedSel:Or-Feature

activeD
=⇒




∃

MedSel:Or-Feature

Photo:Feature

child
active

activeB1

∨ ∃

MedSel:Or-Feature

Music:Feature

child
active

activeB2

∨ ∃

MedSel:Or-Feature

Video:Feature

child
active

activeB3




Figure A.46: Instantiation of property COr for the Mobile Media example

Fig. A.46, just that the number of available alternatives corresponds to the number of potential children of
the instantiated Or-Feature and these children might also be of types Or-Feature or Xor-Feature.

CXor. In Graphfin
TG, the property CXor, requiring that together with a Xor-Feature exactly one of its

child features is activated, can be expressed as indicated in Fig. A.47. The first line of the constraint is
analogous to the one for COr, requiring the activation of at least one child feature of one of the types Feature,
Xor-Feature or Or-Feature. The second line forbids more than one child feature to be activated, where we
have to consider all six possible combinations of types of two child features.

When instantiating and normalising this constraint for the Mobile Media example according to the
procedures developed in [27] (such that we gain constraints meeting Assumption 1), we obtain the constraint
displayed in Fig. A.48, because ScreenSize is the only Xor-Feature. According to our assumptions on
constraints, we would consider the four conjuncts of that constraint as four individual constraints, the first
being in implication format, the other three being purely negative. Again, the structure of the result of this
instantiation is not specific to the Mobile Media example: For every feature model, for every node of type

∀


 f1:Xor-Feature

activeC1 ,




∃
f1:Xor-Feature

f2:Feature

child

active

activeC1
2

∨ ∃
f1:Xor-Feature

f2:Xor-Feature

child
active

activeC2
2

∨ ∃
f1:Xor-Feature

f2:Or-Feature

child
active

activeC3
2




∧

¬




∃
f1:Xor-Feature

f2:Feature f3:Feature

child child

active

active

active

C4
2

∨ · · · ∨ ∃
f1:Xor-Feature

f2:Xor-Feature f3:Or-Feature

child child

active

active

active

C9
2







Figure A.47: Property CXor
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∃




ScrSize:Xor-Feature
active

D1
=⇒




∃

ScrSize:Xor-Feature

Scr1:Feature

child
active

active
B1

∨ ∃

ScrSize:Xor-Feature

Scr2:Feature

child
active

active
B2

∨ ∃

ScrSize:Xor-Feature

Scr3:Feature

child
active

active
B3







∧

¬∃

ScrSize:Xor-Feature

Scr1:Feature Scr2:Feature

child child
active

active

active

D2

∧ ¬∃

ScrSize:Xor-Feature

Scr1:Feature Scr3:Feature

child child
active

active

active

D3

∧ ¬∃

ScrSize:Xor-Feature

Scr2:Feature Scr3:Feature

child child
active

active

active

D4

Figure A.48: Instantiation of property CXor for the Mobile Media example

∃
F1:Feature

activeD
=⇒ ∃

F2:Feature
activeB

Figure A.49: Schema for property CReq

Xor-Feature we will obtain an analogous conjunction of a first constraint in implication format, followed by a
series of negative constraints (as in Fig. A.48). Again, what varies is that the number of available alternatives
in the implication corresponds to the number of potential children of the instantiated Xor-Feature and these
children might also be of types Or-Feature or Xor-Feature. Moreover, the number of negative constraints is(

t
2
)
, with t being the number of potential children of the Xor-Feature, i.e., one negative constraint for every

possible pair of two children.

CRel. The relational, i.e., cross-tree constraints supported by the approach of Horcas et al. are simple
requirement (CReq) or exclusion (CExcl) relationships between individual features. As such, they are
specific to a concrete feature model and can then directly be formalised in Sub(T ⊇ P ); their structures,
however, are always the same. Figure A.49 shows the schema for requirement constraints, where the activation
of one feature (called F1 here) requires the activation of another one (here called F2); in principle, the
features can also be of types Or-Feature and Xor-Feature (with any combination of the three types being
possible). The exclusion constraints, in contrast, forbid two specific features being activated at the same
time, as schematically depicted in Fig. A.50, where the two concerned features are also called F1 and F2.
Again, these features might also be of types Or-Feature and Xor-Feature. In the Mobile Media example,
one requirement constraint is present, demanding together with the Feature SMSTransfer also the feature
CopyMedia is activated. We depict this concrete constraint in Fig. A.51.

Appendix A.2. Retrieving interaction principles for feature selection
Based on our above formalisation of the feature selection problem via subgraph transformation systems,

we compare our interaction principles to the activation and deactivation principles of Horcas et al. [10].
For this, we go over the just presented constraints for the feature selection problem and determine which
interaction principles are triggered. Recall that in our formalisation, the set T \ P consists of active-edges;

¬∃ F1:Feature F2:Feature
active active

D

Figure A.50: Schema for property CExcl
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∃ SMSTr:Feature
activeD

=⇒ ∃
CopyMed:Feature

activeB

Figure A.51: Concrete instantiation of property CReq in case of the Mobile Media example

that is, ElementDecision nodes in an activation diagram correspond to the creation or deletion of such an
edge, which, intuitively, corresponds to adding or removing a feature to or from a configuration. We discuss
the constraint and the interaction principles they trigger in the order in which we presented them above.

Interaction principles triggered by CRoot. As Horcas et al. [10] analogously do, we can ensure CRoot
(which just requires the root feature to be part of every valid configuration) by adding its active-edge to the
problem definition P (making it part of every configuration) and removing/adapting all rules that somehow
(de)activate the root feature. Therefore, we do not need any interaction principles for this constraint; exactly
as is the case in [10].

Interaction principles triggered by CPar. Instantiated CPar constraints (requiring parent features to be
activated together with their children) are in implication format (compare Fig. A.42). Recalling that exactly
the active-edges belong to T \ P and comparing the graphs D and B in this kind of constraint shows that
in our approach two interaction principles apply. First, to the ElementCreation node corresponding to the
active-edge of the child feature (SetFavs in our example), the interaction principle CreationImpl applies,
inserting an Or node with a single outgoing edge to the ElementCreation node corresponding to the active-edge
of the parent feature. This corresponds to the activation principle ActPar of Horcas et al. [10].4

Secondly, to the ElementDeletion node corresponding to the active-edge of the parent feature (Favs in
our example), the interaction principle DeletionImpl applies, inserting an Or node with a single outgoing
edge to the ElementDeletion node corresponding to the active-edge of the child feature. Since we apply this
principle for every child feature, this corresponds to the deactivation principle DeChild of Horcas et al. [10].

Interaction principles triggered by CMand. Instantiated CMand constraints (requiring mandatory children
to be activated together with their parents) are in implication format (compare Fig. A.44). Recalling that
exactly the active-edges belong to T \ P and comparing the graphs D and B in this kind of constraint shows
that in our approach two interaction principles apply. First, to the ElementCreation node corresponding
to the active-edge of the parent feature (Favs in our example), the interaction principle CreationImpl
applies, inserting an Or node with a single outgoing edge to the ElementCreation node corresponding to the
active-edge of the child feature. Because such a constraint exists for every mand-child-edge, this corresponds
to the activation principle ActMand of Horcas et al. [10].

Secondly, to the ElementDeletion node corresponding to the active-edge of the child feature (SetFavs in
our example), the interaction principle DeletionImpl applies, inserting an Or node with a single outgoing
edge to the ElementDeletion node corresponding to the active-edge of the parent feature. This corresponds to
the deactivation principle DeParent of Horcas et al. [10].

Interaction principles triggered by COr. Instantiated COr constraints (requiring at least one of the potential
children of an Or group to be activated with the parent) are also in implication format (compare Fig. A.46).
Recalling that exactly the active-edges belong to T \ P and comparing the graphs D and B1, . . . , Bt in
this kind of constraint shows that in our approach again two interaction principles apply. First, to the

4There are two small differences that are, however, not fundamental. First, Horcas et al. only activate non-core features, i.e.,
they have a pre-processing step we ignore here but which can easily incorporated into our approach as well. Moreover, to not
discuss corner cases separately, we insert an Or node even though it later turns out to only have a single outgoing edge, whereas
Horcas et al. directly insert an edge in their activation diagram. The behaviours, however, are identical and we could simply
integrate a post-processing step after computing our activation diagrams that replaces superflous And and Or nodes by edges.
This slight difference in syntax of activation diagrams appears regularly and we do not mention it further in the following.
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ElementCreation node corresponding to the active-edge of the parent feature (MedSel in our example), the
interaction principle CreationImpl applies, inserting an Or node with t outgoing edges to the ElementCreation
nodes corresponding to the active-edges to the t available child features of the Or group. This corresponds to
the part of the activation principle ActGroup of Horcas et al. [10] that concerns Or groups.

Secondly, to each ElementDeletion node corresponding to one of the active-edges of the children of the Or
group, the interaction principle DeletionImpl applies, inserting an Or node with outgoing edges to (i) the
ElementDeletion node corresponding to the active-edge of the parent node of the Or group and (ii) the t− 1
ElementCreation nodes corresponding to the active-edges of the siblings. This corresponds to the deactivation
principle DeOr of Horcas et al. [10] (except for the fact that, again, they take into account that the parent
feature might be an indelible “core” feature).

Interaction principles triggered by CXor. The first conjunct of an instantiated CXor constraint, i.e., the
conjunct in implication format, is structurally equivalent to instantiated COr constraints. Therefore, the same
interaction principles apply as above; this corresponds to the part of the activation principle ActGroup
of Horcas et al. [10] that concerns Xor groups and their deactivation principle DeXor (again, up to our
missing optimisation with regard to core features).

Regarding the conjuncts consisting of negative constraints, we observe the following. To every such
constraint, the interaction principle CreationNeg applies thrice, namely once per active-edge. In each case,
starting from the ElementCreation node corresponding to the respective active-edge, an Or node is inserted
into the activation diagram with two outgoing edges to the ElementDeletion nodes corresponding to the other
two active-edges from the graph of the negative constraint. Because we have such a negative constraint for
every pair of children of a Xor-Feature, in our activation diagrams the following structures arise:

1. From every ElementCreation node that corresponds to the active-edge of a Xor-Feature, there are
(

t
2
)

outgoing edges to Or nodes, each of which has two outgoing edges directed at two ElementDeletion
nodes corresponding to the active-edges of two of the Xor-Feature’s children (which t being the number
of children).

2. For every ElementCreation node that corresponds to an active-edge of one of the t children of that
Xor-Feature, we have t − 1 outgoing edges to Or nodes, each of which has two outgoing edges, one
directed to the ElementDeletion node corresponding to the active-edge of the Xor-Feature and the other
one directed to an ElementDeletion node corresponding to the active-edge of a sibling.

Intuitively, considered in isolation these structures in the activation diagram ensure consistency of the second
part of the constraint CXor (i.e., the upper bound expressing that a Xor-Feature cannot simultaneously be
active together with two of its children) by either allowing for a Xor-Feature to be active but only one of its
children or preventing the Xor-Feature to be active (but arbitrarily many of its children). However, when later
using the activation diagram to derive rules, because of the structures added by other constraints, we have
the following overall effect: The structures inserted because of constraint CPar ensure that together with the
child of a Xor-Feature this parent feature is also activated. Thus, the alternative to deactivate the Xor-Feature
is a “dead” alternative and together with the child of a Xor-Feature being activated always all of its siblings
are deactivated. This effect exactly corresponds to the activation principle ActXor of Horcas et al. [10].
However, they encode this far more elegantly in their feature activation diagrams. Beyond not encoding the
“dead” alternative of deactivating a Xor-Feature to ensure that is not simultaneously active together with two
of its children, they also encode the necessary deactivation of siblings only once, namely when activating the
child of a Xor-Feature. Our approach results in encoding this twice, namely as consequence of activating
the Xor-Feature and as consequence of activating one of its children. Because, by the first part of constraint
CXor, activating a Xor-Feature triggers the activation of (at least) one of its children (and, hence, also the
consequences thereof), it suffices to rely on this transitive effect and encode the deactivation of siblings only
as consequences of the activation of children.

Interaction principles triggered by CReq. Instantiated CReq constraints (expressing the dependence of
one specific feature on another) are in implication format (compare Fig. A.49). Recalling that exactly the
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active-edges belong to T \ P and comparing the graphs D and B in this kind of constraint shows that in our
approach two interaction principles apply. First, to the ElementCreation node corresponding to the active-edge
of the node of the antecedent D of the implication (F1 in Fig. A.49 and SMSTr in the concrete example in
Fig. A.51), the interaction principle CreationImpl applies, inserting an Or node with a single outgoing
edge to the ElementCreation node corresponding to the active-edge of the feature in the consequent B of the
implication (F2 in Fig. A.49 and CopyMed in the concrete example in Fig. A.51). This corresponds to the
activation principle ActReq of Horcas et al. [10] (again, up to the fact that they consider core features).

Secondly, to the ElementDeletion node corresponding to the active-edge of the feature of the consequent
B (CopyMed in our example), the interaction principle DeletionImpl applies, inserting an Or node with
a single outgoing edge to the ElementDeletion node corresponding to the active-edge of the feature of the
antecedent D (SMSTr in our example). This corresponds to the deactivation principle DeReq of Horcas et
al. [10].

Interaction principles triggered by CExcl. Instantiated CExcl constraints (forbidding two concrete features
to be activated simultaneously) are negative constraints; their principal structure is shown in Fig. A.50.
Recalling that exactly the active-edges belong to T \P , in our approach the interaction principle CreationNeg
applies to both active-edges. That is, in the activation diagram at both ElementCreation nodes corresponding
to these two active-edges we insert an outgoing edge to an Or node that, in turn, has a single outgoing
edge to the ElementDeletion node corresponding to the respective other active-edge. This corresponds to the
activation principle ActExc of Horcas et al. [10].

Discussion. Comparing our interaction principles with the activation and deactivation principles for the
concrete case of feature selection in [10] shows two things: First, by and large, our four interaction principles
offer a systematic way to derive the 11 activation and deactivation principles in the case of feature selection
in [10]. However, Horcas et al.’s bespoke derivation of these 11 principles includes several optimisations that
our general approach does not automatically achieve:

1. In the use case of feature selection, every application of an interaction principle in our approach extends
the activation diagram in a way that is equivalent to how the feature-activation diagrams in [10] would
be extended by one of their (de)activation principles in the same situation. Conversely, the effect
of every (de)activation principles from [10] is also achieved by application of one of our interaction
principles in the according situation. Therefore, the approach of [10] and ours are equivalent for the
use case of feature selection in the sense that the resulting (feature) activation diagrams allow deriving
the same rules. Thus, we indeed generalise the approach of Horcas et al.
This also means that we provide a far more thorough formal foundation for that approach. In [10],
correctness of their approach is rather sketched and no equivalent to our simulation result (Theorem 10)
is proven so that with our approach we also obtain new results for the use case of feature allocation.
Moreover, our general approach can serve as a basis to extend the approach of Horcas et al. [10] to
also support more complex cross-tree constraints. As follows from [27], we support first-order logic
on graphs (and, consequently, complex constraints among features), whereas Horcas et al. restrict
themselves to simple requires or excludes constraints (and preprocess complex constraints using the
approach by Knüppel et al. [53]). Considering more complex relations among features [54] is of high
practical importance [53].

2. Horcas et al. [10] use domain knowledge and the specific structure of their considered constraints to
arrive at more streamlined feature activation diagrams. Minor differences are the following: Instead of
inserting Or nodes with a single outgoing edge, they just insert edges. To avoid individual discussions
of such corner cases, we do not consider this in our presentation; however, a simple post-processing
step on our activation diagrams could replace such Or nodes by an edge without any further changes
being necessary to our approach. Moreover, Horcas et al. consider “core” features in their approach,
i.e., features that have to be active in any valid configuration (because of being mandatory children of
core features, because of cross-tree constraints, etc.). Our approach can simply be extended to this by
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treating core features like we treat the root feature, i.e., by making the active-edges of such features
part of the problem definition P , which leads to the desired result.
The difference discussed regarding the constraint CXor is more distinct, where, in our approach, we
add alternatives to our feature diagrams that a domain analysis (i.e., an analysis of the interactions
between constraints) proves to never be consistently realisable. Theorem 5 shows that, at least in
general, we cannot weaken our interaction principles without losing other results like our simulation
theorem. However, for specific domains, like feature selection, domain-specific improvements are clearly
available, as shown by [10].

3. Beyond their general construction of feature-activation diagrams, Horcas et al. [10] also present a
post-processing step to optimise these diagrams and the resulting rules. These involve removing
so-called Or-Overlaps—redundant Or branches that can be combined to make consistent choices across
a diagram—and preventing self-activating cycles in the diagrams. They also present optimisations
for the resulting rules, not least by removing dead features and dead elements from the generated
VB-rules. These optimisations are orthogonal to our interaction principles and could, in principle, also
be applied to the activation diagrams and rules generated by our approach. We leave generalising these
optimisations to future work.

Appendix B. Proofs

In this section, we present all proofs for the results in our paper.

Appendix B.1. Proofs from Section 3
Proof of Proposition 2. We first prove that the base rule pb is a subrule of the induced rule pG

ind and then
that pG

ind is pure. For the proof, compare Fig. B.52, where, for reference, we just provide names for the
squares (compared to Fig. 20).

To show the subrule relationship, we have to show that squares (1) + (4) and (2) + (5) are pullbacks (in
Graphfin

TG); by pullback composition, for this it suffices to show that the individual squares (1), (2), (4), (5)
are pullbacks. Square (1) is a pullback by applying pullback decomposition to the left part of Fig. 19, where
the solid square Kb → Lb → Lm ← Km ← Kb, which is decomposed, is a pullback by definition of the
context extension of an effect-oriented rule. That square (2) is a pullback follows similarly, using the fact
that G ∩Rb = Kb (which holds by assumption).

The arguments for squares (4) and (5) being pullbacks are analogous; we provide the one for (4): Let
x ∈ LG′

ind ∩ KG
ind; we have to show that x ∈ KG,L

ind . Assume that this is not the case. By construction of
square (3) this means that x ∈ KG,R

ind \ Kb; in particular, x ∈ Rm ∩ G. However, x ∈ LG′
ind also means

x ∈ Lm ∩ G. Together this implies x ∈ Rm ∩ Lm ⊆ Km (which holds by assumption), which implies
x ∈ LG′

ind ∩Km = KG,L
ind —a contradiction.

To show that pG
ind is a pure rule, let x ∈ LG

ind ∩RG
ind; we have to show that x ∈ KG

ind. Assume x /∈ KG
ind.

Then x ∈ LG′
ind and x ∈ Rm; the first implies x ∈ G, which, together with x ∈ Rm, implies x ∈ KG,R

ind . This,
in turn, implies x ∈ KG

ind (by construction)—a contradiction.

Proof of Proposition 3. First, let x ∈ Lm \Km. In any case, Lm ∩ Rm ⊆ Km implies that x /∈ Rm. This
means that x /∈ G implies x /∈ H. If x ∈ G, then x ∈ Lm implies x ∈ LG′

ind which, in turn, implies x ∈ LG
ind.

Furthermore, x /∈ Km implies x /∈ KG,L
ind ; and x /∈ Rm implies x /∈ KG,R

ind . Together, these imply x /∈ KG
ind,

which means x /∈ H.
More obviously, x ∈ Rm immediately implies x ∈ RG

ind and therefore x ∈ H for every x ∈ Rm \Kb.
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Lb Kb Rb

(1) (2)

LG′
ind KG,L

ind (3) KG,R
ind Rm

(4) (5)

LG
ind KG

ind RG
ind

Figure B.52: Second part of construction of the induced rule – squares renamed

Appendix B.2. Proofs from Section 4
Proof of Proposition 4. For proving this statement, we just count the number of elements that are added in
the individual steps of Construction 1.

The first step adds 2× |T \ P | nodes to ADT ⊇P,C . Per edge e ∈ ET \EP , Steps 2. and 3. add maximally
two edges to ADT ⊇P,C ; thus, we maximally add 4|ET \ EP | edges to ADT ⊇P,C there.

For Step 4., we have to consider the four different interaction principles from Definition 10. First, in the
case of CreationNeg, given a constraint ¬∃B, in a single application we add one node and |B \ P | edges
to ADT ⊇P,C . We have to apply that interaction principle for every purely negative constraint of C—a set
we denote as Cneg—and |B \ P |-times per such constraint (once for every element). This leads to adding
maximally

|Cneg||Bmax \ P | (CreationNegNodes)
nodes and maximally

|Cneg||Bmax \ P |2 (CreationNegEdges)
edges to ADT ⊇P,C , where Bmax is the largest graph occurring in any of the constraints in C.

Second, in the case of CreationImpl, given a constraint ∃D =⇒ ∨i=1,...,t∃Bi, in a single application
we add t+ 1 nodes and t+ 1 +

∑t
i=1|Bi \ P | edges to ADT ⊇P,C . We have to apply that interaction principle

for every implication constraint of C—a set we denote as Cimpl—and |D \ P |-times per such constraint. This
leads to adding maximally

(tmax + 1)|Cimpl||Bmax \ P | (CreationImplNodes)

nodes and maximally

(tmax + 1 + tmax · |Bmax \ P |)|Cimpl||Bmax \ P | (CreationImplEdges)

edges to ADT ⊇P,C , where, again, Bmax is the largest graph occurring in any of the constraints in C and tmax
is the maximal length of any disjunction appearing in such a constraint.

Third, in the case of DeletionPos, given a constraint ∨i=1,...,t∃Bi, in a single application we add
maximally t nodes and t +

∑t
i=1|Bi \ P | edges to ADT ⊇P,C. We have to apply that interaction principle

for every positive constraint of C—a set we denote as Cpos— for every element outside of P of every graph
occurring in it. This leads to maximally adding

t2max|Cpos||Bmax \ P | (DeletionPosNodes)

nodes and maximally

(tmax + tmax|Bmax \ P |)tmax|Cpos||Bmax \ P | (DeletionPosEdges)
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edges to ADT ⊇P,C .
Fourth, in the case of DeletionImpl, given a constraint ∃D =⇒ ∨i=1,...,t∃Bi, in a single application

we add maximally t nodes and t+ 1 +
∑t

i=1|Bi \ P | edges to ADT ⊇P,C . We have to apply that interaction
principle for every implication constraint of C, for every element outside of P appearing in one of the graphs
of the consequent of the constraint (i.e., in one of the graphs that form the disjunction). This leads to
maximally adding

t2max|CImpl||Bmax \ P | (DeletionImplNodes)

nodes and maximally

(tmax + 1 + tmax|Bmax \ P |)tmax|CImpl||Bmax \ P | (DeletionImplEdges)

edges to ADT ⊇P,C .
Summing up generously proves the overall claim.

Proof of Theorem 5. We prove the theorem by distinguishing the type of n and the applicable interaction
principles.

Case 1: ElementCreation. First, let n be an ElementCreation node and let c be such that x appears
negatively bound in c, either as an isolated node or as an edge. For this, c = ¬∃ (D, true) is either purely
negative, x appears in its literal and CreationNeg is the applicable interaction principle (Case 1a)), or
c = ∃ (D, true) =⇒ ∨i=1,...,t∃ (Bi, true) is in implication format, x appears in the antecedent D of c and
CreationImpl is the applicable interaction principle (Case 1b)). For the following, let G ∈ Sub(T ⊇ P ) be
such that G |= n, i.e., x ∈ G.

In Case 1a), c = ¬∃ (D, true) and G |= c if and only if there exists some element x ̸= y ∈ D such
that y /∈ G if and only if there exists some element x ≠ y ∈ D ∩ (T \ P ) such that y /∈ G. By definition
of CreationNeg and x being an edge or a node isolated in D, the principle CreationNeg inserts as
consequences to n in ADT ⊇P,C an Or node with outgoing edges to all ElementDeletion nodes that represent
edges or isolated nodes from (D ∩ (T \ P )) \ {x}. Also by definition, post(n, c) consists of this part of
ADT ⊇P,C . Thus, G satisfies post(n, c) if and only if it does not contain one of the edges or isolated nodes
from (D∩ (T \P )) \ {x}. Because G is a graph, i.e., contains adjacent nodes for all its edges, both statements
are equivalent (in particular, if G misses a non-isolated node (D ∩ (T \ P )) \ {x}, it also misses an edge from
that set).

In Case 1b), c = ∃ (D, true) =⇒ ∨i=1,...,t∃ (Bi, true) and G |= c if and only if there exists some element
x ≠ y ∈ D ∩ (T \ P ) such that y /∈ G or Bi0 ⊆ G for some i0 ∈ {1, . . . , t}. By definition of CreationImpl
and x being an edge or a node isolated in D, the principle CreationImpl inserts as consequences to n in
ADT ⊇P,C an Or node with (i) outgoing edges to all ElementDeletion nodes that represent edges or isolated
nodes from (D ∩ (T \P )) \ {x} and (ii) edges to And nodes that each, for one graph Bi that does not contain
x, reference all ElementCreation nodes that correspond to edges and nodes isolated in Bi ∩ (T \ P ). Also by
definition, post(n, c) consists of this part of ADT ⊇P,C. Thus, G satisfies post(n, c) if and only if it (i) does
not contain one of the edges or isolated nodes from (D ∩ (T \ P )) \ {x} or (ii) contains all of the edges and
isolated nodes of Bi0 ∩ (T \ P ) for one i0 ∈ {1, . . . , t}. Because G is a graph, i.e., contains adjacent nodes
for all its edges, and P ⊆ G both statements are equivalent (in particular, if G misses a non-isolated node
(D ∩ (T \ P )) \ {x}, it also misses an edge from that set, and if G contains all edges and isolated nodes from
Bi0 ∩ (T \ P ), it contains Bi0).

Case 2: ElementDeletion. Now, let n be an ElementDeletion node and let c be such that x appears positively
bound in c, (in this case, as an arbitrary node or edge). For this, c = ∨i=1,...,t∃ (Bi, true) is either purely
positive, x appears in (at least) one of its literals and DeletionPos is the applicable interaction principle
(Case 2a)), or c = ∃ (D, true) =⇒ ∨i=1,...,t∃ (Bi, true) is in implication format, x appears in (at least) one of
its positive literals and DeletionImpl is the applicable interaction principle (Case 2b)). For the following,
let G ∈ Sub(T ⊇ P ) be such that G |= n, i.e., x /∈ G.
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In Case 2a), c = ∨i=1,...,t∃ (Bi, true) and x ∈ Bi0 for (at least) one i0 ∈ {1, . . . , t}. Therefore, G |= c
if and only if Bj ⊆ G, where j ∈ {1, . . . q} and this set indexes those graphs Bi, i = 1, . . . , t, in which
x does not occur. By definition of DeletionPos and x being an element of one of the graphs Bi, this
interaction principle is triggered—either directly for n (in case n corresponds to an edge or a node isolated
in one of the graphs Bi) or for at least one ElementDeletion node n’ of ADT ⊇P,C such that n’ corresponds
to an edge e that is adjacent to x and that occurs in one of the graphs Bi. In both cases, post(n, c)
first contains n and, whenever x is a node, references to the ElementDeletion nodes representing the edges
adjacent to x; if x is a node not isolated in Bi0 , a node n’ representing an edge also appearing in Bi0 is
among these nodes. The application of principle DeletionPos inserts an Or node and references to q And
nodes that each reference wj ElementCreation nodes representing all isolated nodes and edges appearing in
Bj ∩ (T ⊆ P ), where j ∈ {1, . . . , q} and this set indexes those graphs from B1, . . . , Bt that do not contain
x. By definition, this structure is part of post(n, c)—either n directly references the starting Or node or (at
least) one ElementDeletion node n’, representing an edge adjacent to x and being itself referenced by n. In
either case, since x /∈ G implies e /∈ G for every edge e adjacent to x, G |= post(n, c) if and only if G contains
all isolated nodes and edges from Bj ∩ (T \P ) for one j ∈ {1, . . . , q} as introduced above. Again, by G being
a graph and containing P , this is equivalent to Bj ⊆ G for one such graph Bj .

In Case 2b), c = ∃ (D, true) =⇒ ∨i=1,...,t∃ (Bi, true) and x ∈ Bi0 for (at least) one i0 ∈ {1, . . . , t}.
Therefore, G |= c if and only if D ⊈ G or Bj ⊆ G, where j ∈ {1, . . . q} and this set indexes those graphs
Bi, i = 1, . . . , t, in which x does not occur. By definition of DeletionImpl and x being an element of one of
the graphs Bi, this interaction principle is triggered—either directly for n (in case n corresponds to an edge
or a node isolated in one of the graphs Bi) or for at least one ElementDeletion node n’ of ADT ⊇P,C such that
n’ corresponds to an edge e that is adjacent to x and that occurs in one of the graphs Bi. In both cases,
post(n, c) first contains n and, whenever x is a node, references to the ElementDeletion nodes representing the
edges adjacent to x; if x is a node not isolated in Bi0 , a node n’ representing an edge also appearing in Bi0 is
among these nodes. The application of principle DeletionImpl inserts an Or node that (i) references each
ElementDeletion node that corresponds to an isolated node or edge from D ∩ (T \ P ) and (ii) references to q
And nodes that each reference wj ElementCreation nodes representing all isolated nodes and edges appearing
in Bj ∩ (T ⊆ P ), where j ∈ {1, . . . , q} and this set indexes those graphs from B1, . . . , Bt that do not contain
x. By definition, this structure is part of post(n, c)—either n directly references the starting Or node or (at
least) one ElementDeletion node n’, representing an edge adjacent to x and being itself referenced by n. In
either case, since x /∈ G implies e /∈ G for every edge e adjacent to x, G |= post(n, c) if and only if G does
not contain one of the isolated nodes or one of the edges from D or if G contains all isolated nodes and edges
from Bj ∩ (T \ P ) for one j ∈ {1, . . . , q} as introduced above. Again, by G being a graph and containing P ,
this is equivalent to D ⊈ G or Bj ⊆ G for one such graph Bj .

Appendix B.3. Proofs from Section 5
Proof of Proposition 6. We have to show that (i) the objects occurring in pF

C,m are actually graphs (i.e., there
are no dangling edges); (ii) pF

C,m is a rule with p as a subrule with coinciding interface; and (iii) KF
m satisfies

the conditions on context extensions, i.e., KF
m ⊆ LF

C,m, KF
m∩L = K and KF

m∩R = K, and LF
C,m∩RF

C,m ⊆ KF
m.

Throughout the proof, let χF denote the characteristic function of the configuration F ⊆ F .
For (i) and (ii), let e be an edge in XF

C,m, where X ∈ {L,K,R}. Then, by definition, χF |= bXC
C (e). We

show that for every node n that is adjacent to e (in T ) it holds that bXC
C (e) =⇒ bXC

C (n); in the following,
let n denote such a node. For the proof, recall that bXC

C is defined as a disjunction φXC
pres ∨ φXC

graph ∨ φXC
orig.

Regarding φXC
orig, it is clear that φXC

orig(e) =⇒ φXC
orig(n) because the originally given rule p consists of graphs

and φXC
orig just encodes membership in that rule. For φXC

pres, we have to consider the cases X = L and X = R

(because φKC
pres ≡ false). Regarding L, φLC

pres(e) =⇒ φLC
pres(n) ∨ φLC

graph(n) by definition of φLC
graph. Regarding

R, point 2. in the construction of activation diagrams (see Construction 1) ensures the existence of an
edge from the ElementCreation node that corresponds to e to the ElementCreation node that corresponds to
n. By definition of φRC

pres, this ensures that φRC
pres(e) is a disjunct of the disjunction φRC

pres(n); in particular,
φRC

pres(e) =⇒ φRC
pres(n). Finally, φXC

graph evaluates to false for all edges e. Thus, we have shown that XF
C,m
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is a graph for every X ∈ {L,K,R}. Moreover, by construction, it also easily follows that bKC
C =⇒ bLC

C
and bKC

C =⇒ bRC
C ; i.e., KF

C,m ⊆ LF
C,m and KF

C,m ⊆ RF
C,m. Since φKC

graph = φKC
pres = false and φKC

orig encodes
membership in the interface K of the original rule, it also holds that KF

C,m = K. Summarizing, pF
C,m is a rule

with interface K. To see that p ⊆ pF
C,m, the condition φXC

orig ensures that X ⊆ XF
C,m for every X ∈ {L,K,R}.

Thus, we only have to show that KF
C,m ∩ L = K = KF

C,m ∩R, which trivially holds by K = KF
C,m.

For (iii), by construction it is immediate that K ⊆ KF
m ⊆ LF

C,m. Regarding the requirements on
intersections, KF

m ∩ L = K follows from L− ∩ L = ∅, whereas KF
m ∩ R = K is ensured by Eq. 4. Finally,

we have to show that Lm ∩ Rm ⊆ KF
m. We show this by case analysis; thus, let x ∈ Lm ∩ Rm. First, if

x ∈ L∩R, also x ∈ K ⊆ KF
m. Second, if x ∈ Rm \R, it must hold that χF |= φRC

pres(x). By definition of ψcons

(Eq. 3), this means that χF ⊭ φLC
pres(x). Thus, either χF |= φLC

orig(x) or χF |= φLC
graph(x). If χF |= φLC

orig(x),
Eq. 3 also ensures that χF |= φKC

orig(x), which means x ∈ KF
m. If χF |= φLC

graph(x), Eq. 4 implies x ∈ KF
m

(by χF ⊭ φRC
orig(x)). Third, if x ∈ Lm \ L, Eq. 3 ensures that it cannot happen that χF |= φLC

pres(x) and
χF |= φRC

orig(x) or χF |= φRC
pres(x). Thus, the only possibility for an element x ∈ (Lm \ L) ∩ Rm is that

χF |= φLC
graph(x), a case we already considered above.

Proof of Lemma 7. In the situation of the lemma, let vpF
C,e be a variant of vpC, induced by some valid

configuration F . By Proposition 6, vpC is an effect-oriented rule with p as base rule and pF
C,m as maximal rule.

Therefore, by Proposition 2, the instantiation pF,G
C,ind =

(
LF,G

C,ind ⊇ K
F,G
C,ind ⊆ R

F,G
C,ind

)
exists. By construction,

it is ensured that LF,G
C,ind ⊆ G and RF,G

C,ind ∩G ⊆ K
F,G
C,ind. Therefore, by [25, Proposition 6], a transformation

G =⇒pF,G
C,ind

H, to some graph H, in Sub(T ⊇ P ) exists if and only if such a transformation exists in
Graphfin

TG. Because LF,G
C,ind is a subgraph of G (i.e., the match is monic), it is well known that this is the

case if and only if the dangling edge condition is satisfied [34, Fact 3.11].
Thus, let n ∈ G be a node that pF,G

C,ind declares to delete, i.e., n ∈ LF,G
C,ind \K

F,G
C,ind. If x ∈ L (i.e., x stems

from the LHS of the original rule), Proposition 6 and Proposition 2 together imply that x /∈ K, i.e., x is
already deleted by the original rule. Then x can be deleted (i.e., it has no adjacent edges in G) because
we assume L ⊆ G to be a match for the original rule. If x /∈ L, either χF |= φLC

pres(x) or χF |= φLC
graph. If

the former is the case, the construction of activation diagrams ensures that χF |= φLC
pres(e) for every edge e

adjacent to x (in T ): φLC
pres(x) is a disjunct of every such disjunction φLC

pres(e). If the latter were the case,
i.e., χF |= φLC

graph(x), x ∈ G and x /∈ KF,G
C,ind, Eq. 4 implies that χF |= φRC

orig, i.e., x ∈ R \K. But this would
mean that x ∈ R ∩G ≠ K, which contradicts our assumption that L ⊆ G is a match for the original rule.
Hence, this last case cannot happen. This completes the proof of the applicability of pF,G

C,ind and shows the
final statement of the lemma about the non-deletion of nodes x ∈ LF,G

C,ind for which χF |= φLC
graph(x).

It remains to show the statement about transformation tind just affecting elements from T \ P . For this,
if x ∈ LF,G

C,ind, in particular we have χF (x) |= φLC
orig(x) ∨ φLC

pres(x) ∨ φLC
graph(x). If χF (x) |= φLC

orig(x), we have
x ∈ T \ P or χF (x) |= φKC

orig(x) by assumption on the original rule p; that is, either x ∈ T \ P or x ∈ KF
C,m

(and, by x ∈ G, also x ∈ KF,G
C,ind ), i.e., x is not deleted by pF,G

C,ind. If χF (x) |= φLC
pres(x), we have x ∈ L− \ L,

which implies x ∈ T \ P by the construction of activation diagrams (where only ElementDecision nodes
are added for elements from T \ P ). If χF (x) |= φLC

graph(x), we also have x ∈ KF,G
C,ind by the considerations

above. The arguments for the right-hand side are completely analogous (there, we just have to consider
χF (x) |= φRC

orig(x) and χF (x) |= φRC
pres(x)).

Proof of Theorem 8. We prove the statement by case analysis along the different forms of constraints as
introduced in Assumptions 1 and 2.

Purely positive case. Let c = ∃ (B1, true) ∨ · · · ∨ ∃ (Bt, true) and G |= c. The only way in which an
application of vpF

C,e could introduce a violation of c is by deleting some element x ∈ ⋃
i=1...t Bi ∩G. For this,

by definition of transformations and consistency-preserving variants, χF |= bL
C (x) but x /∈ KF

m. In particular,
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χF |= φLC
pres(x) or χF |= φLC

orig(x). (We do not need to consider the case χF |= φLC
graph(x) by Lemma 7.)

Moreover, also by Lemma 7, such an element x must stem from T \ P .
By construction of the activation diagram ADT ⊇P,C , the interaction principle DeletionPos has been

applied to the ElementDeletion node -x, corresponding to x. That is, in ADT ⊇P,C there is an outgoing edge
from -x to an Or node that has outgoing edges to w And-nodes where, in turn, each And node has outgoing
edges to a set of ElementCreation nodes that correspond to the relevant elements of one of the graphs Bi that
does not contain x (compare Fig. 26). Let the Or node be annotated as ORq and its outgoing edges (and,
consequently, the ones of the And nodes) as orq

1, . . . , orq
w.

If χF |= φLC
pres(x), there is some oi

j ∈ F that appears as a disjunct in φLC
pres (to render that evaluation true).

Either or i
j directly labels an incoming edge of −x or x is an edge and or i

j labels an incoming edge of one of
its adjacent nodes. In either case that means that or i

j directly triggers ORq (compare Definition 13), which
results in oi

j =⇒ Oq being one conjunct of the cross-tree constraint ψpath. If χF |= φLC
orig(x), root =⇒ Oq is

one conjunct of the cross-tree constraint ψpath. Thus, whether χF |= φLC
pres(x) or χF |= φLC

orig(x), root ∈ F or
oi

j ∈ F and validity of F with regard to ψpath imply Oq ∈ F . This, again by validity of F , implies oq
l ∈ F

for (exactly) one l ∈ {1, . . . , w}. With this, we have that either (i) χF |= φRC
pres(y) for all ElementCreation

nodes with incoming edge orq
l or (ii) that φRC

pres(y) = false for such an element y but φRC
orig(y) = true. In any

case χF |= bRC
C (y); that is, every such element y is part of the RHS RF

C,m. Intuitively, this ensures that vpF
C,e

creates one of the graphs B1, . . . , Bt. More formally, for the graph H, resulting from the transformation t,
by Proposition 3 this means that x /∈ H but RF

C,m ⊆ H, which means H |= post(−x, c). Theorem 5 then
guarantees that H |= c.

Purely negative case. Let c = ¬∃(D, true) and G |= c. The only way in which an application of vpF
C,e could

introduce a violation of c is by creating some element x ∈ D \G. For this, by definition of transformations
and consistency-preserving variants, χF |= bR

C (x), in particular, χF |= φRC
pres(x) or χF |= φRC

orig(x), but x /∈ KF
m.

Moreover, by Lemma 7, such an element x must stem from T \ P .
By construction of the activation diagram ADT ⊇P,C , the interaction principle CreationNeg has been

applied to the ElementCreation node +x, corresponding to x. That is, in ADT ⊇P,C there is an outgoing edge
from +x to an Or node that has outgoing edges to u ElementDeletion nodes that correspond to the relevant
elements of D ∩ (T \ P ) (compare Fig. 24). Let the Or node be annotated as ORq and its outgoing edges as
orq

1, . . . , orq
u.

If χF |= φRC
pres(x), there is some oi

j ∈ F that appears as a disjunct in φRC
pres (to render that evaluation true).

Either or i
j directly labels an incoming edge of +x or x is a node and or i

j labels the ElementCreation node of one
of its adjacent edges. In either case that means that or i

j directly triggers ORq (compare Definition 13), which
results in oi

j =⇒ Oq being one conjunct of the cross-tree constraint ψpath. If χF |= φRC
orig(x), root =⇒ Oq is

one conjunct of the cross-tree constraint ψpath. Thus, whether χF |= φRC
pres(x) or χF |= φRC

orig(x), root ∈ F or
oi

j ∈ F and validity of F with regard to ψpath imply Oq ∈ F . This, again by validity of F , implies oq
l ∈ F for

(exactly) one l ∈ {1, . . . , u}. Let y be the element corresponding to the ElementDeletion node -y to which the
edge oq

l points. By definition, either oq
l is one of the disjuncts of φLC

pres(y) or y ∈ L \K, i.e., y is deleted by
the originally given rule and φLC

orig(y) = true and φKC
orig(y) = false. Moreover, if φLC

orig(y) = true, the cross-tree
constraint ψcons ensures that χF ⊭ φRC

orig(y) and, with that, χF ⊭ φKC
orig(y). Thus, in any case, χF |= bLC

C (y),
i.e., y ∈ LF

C,m and y /∈ K. Finally, either of y ∈ L and χF |= φLC
pres(y) implies that y /∈ KF

m. Proposition 3
then ensures that y /∈ H.

Summarizing, intuitively, this ensures that vpF
C,e deletes one of the elements of D. More formally, for the

graph H, resulting from the transformation t, by Proposition 3 this means that x ∈ H and H |= post(+x, c).
Theorem 5 then guarantees that H |= c.

Implication case. Let c = ∃ (D, true) =⇒ ∃ (B1, true) ∨ · · · ∨ ∃ (Bt, true). Given that G |= c, the only
way in which the graph H resulting from transformation t could violate c is that the transformation either
creates an element of D or deletes an element of one of the graphs B1, . . . , Bt. The proof then proceeds
completely analogous to the proofs for the purely positive and the purely negative case (combining both in
each of the two possible situations), because the interaction principles for the implication case combine the
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interaction principles for the positive and the negative case.

Proof of Theorem 9. Given the situation of the theorem, we traverse the activation diagram ADC,T to
construct the configuration F ; in that, we use the graph E to guide our decisions at points of potential
variance. Throughout the proof, by Ftemp we denote the current state of the configuration we build.

First, we set Ftemp := {root}. We have to arrive at a valid configuration F , i.e., at a set F ⊆ F such that
that choice fulfils the properties required by the parent–child relationships (e.g., select a child of a selected
Or-node) and such that the cross-tree constraints are satisfied, i.e., such that F |= Q = ψcons ∧ ψpath.

For this, we iterate over the set of path constraints not satisfied by Ftemp, i.e., the conjuncts q of ψpath such
that χFtemp ⊭ q, and the set of Or and Xor-nodes in Ftemp for which no child has been selected yet. During
that iteration, whenever there is a path constraint q = oi

j =⇒ Ok1∧· · ·∧Okr
or q = root =⇒ Ok1∧· · ·∧Okr

such that χFtemp ⊭ q, we set
Ftemp := Ftemp ∪ {Ok1 , . . . , Okr}.

After that, Ftemp |= q. Moreover, this kind of insertion can never introduce violations of conjuncts z of ψpath
that have the format z = Oj =⇒ oi1

j1
∨ · · · ∨ ois

js
, because, by definition, in q the edge oi

j directly triggers
Ok1 , . . . , Okr . That is, for every feature Okl

newly added to Ftemp the corresponding conjunct of the path
constraint is satisfied.

In a state during the iteration where all path constraints are satisfied, i.e., where χFtemp |= ψpath, we
check if there is any element Ok ∈ Ftemp such that no child ok

j has been selected for Ok. By construction of
activation diagrams, the Or node ORk corresponding to Ok has a unique incoming edge starting at some
ElementDecision node n. Importantly, we can assume that E |= n (in the sense of Definition 11), i.e., the
element corresponding to n belongs to E in case n is an ElementCreation node and and it is not part of E
in case n is an ElementDeletion node. At the beginning of our construction of F this is clear because then
every Ok ∈ Ftemp has been added because of a conjunct of ψpath of the format root =⇒ Ok (because, at the
very start, root is the only element of Ftemp, i.e., the only element that can trigger the inclusion of further
elements into Ftemp). This means that the incoming edge of ORk starts at an ElementDecision node n that
corresponds to an action (creation or deletion) of the originally given rule p; and E |= cp by assumption.

Generally, whenever we have E |= n for some ElementDecision node n, the fact that E |= C implies that E
also satisfies the consequences of n, i.e., E |= post(n, c), where c refers to whatever constraint caused the
insertion of the Or node under consideration (this is the one direction of the equivalence proven in Theorem 5).
This means that, for every Or node ORk such that E satisfies its originating ElementDecision node n, we can
select a consequence ok

j (putting it as child of Ok into Ftemp) that witnesses that E |= post(n, c) (if several
such consequences exist, we randomly select one of them). (Intuitively, we select ok

l according to the way in
which the graph E satisfies the constraint c that triggered the application of the interaction principle IP.) In
particular this means that, for every Or node ORq such that the selected consequence ok

l directly triggers
ORq, we know that E |= n’, where n’ is the ElementDecision node at which ORq originates. Summarizing, we
(i) iteratively add features of the format Ok into Ftemp in such a way that, upon termination, the cross-tree
constraint ψpath is satisfied; and (ii) iteratively choose children of the format ok

j for these in such a way for
every newly triggered conjunct ok

j =⇒ Oq it holds that E |= n, where n is the ElementDecision node at
which ORq originates.

Since both the number of Or-nodes and the number of path constraints are finite, the overall iteration stops.
The resulting configuration F ⊆ F , by construction, satisfies all path constraints and the general constraints on
feature configurations (children have parents, Or-nodes have children, . . . ). Regarding ψcons, through guiding
our selection of elements oi

j ∈ F by (non-)existence in E we have ensured that χF |= φLC
pres(x) =⇒ x /∈ E and

χF |= φRC
pres(x) =⇒ x ∈ E. Moreover E |= cp also means that χF |= φX

orig(x) =⇒ x ∈ E for X ∈ {KC , RC}
and χF |= φLC

orig(x) =⇒ x /∈ E. Together with the fact that E is a graph (and thus either contains an
element x or not) this implies χF |= ψcons. Summarizing, F is a valid configuration and, by construction,
E |= cvpF

C,e
.

Proof of Theorem 10. Given the situation of the above theorem, the existence of suitable atomic rules in
R allows us to iteratively create resp. delete elements from G△H (where △ denotes the componentwise
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symmetric difference).
In more details, let Gtemp := G; as soon as Gtemp = H we stop. If Gtemp ̸= H, there exists x ∈ Gtemp△H

and at+
x ∈ R if x ∈ H \Gtemp and at−

x ∈ R if x ∈ Gtemp \H. Moreover, it holds that H |= C ∧ cat+
x

(resp.
H |= C ∧ cat−

x
). By Theorem 9, at+

x (resp. at−
x ) can be instantiated in such a way that H |= atcp+

x (resp.
H |= atcp−

x ). Thus, we set Gtemp to the result of applying that rule to Gtemp. The fact that H |= atcp+
x

(resp. H |= atcp−
x ) ensures that the size of Gtemp△H is decreased by that application. Hence, the process

terminates, resulting in H.
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